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1 Obtaining the mode and Hessian for the ARMH step

We use a scoring algorithm to find ]?9 numerically. To this end, the gradient and Hessian of the
log of the conditional posterior of fy, Inp(fy|.,y), are given by:

dlnp(fQ"uy) / 1 /
0 — _H'Hfy— = (I, @A)y,
1
+3 (Z4+W) SNy —Xa—Wf),
2
] .
p = thelely) _pop
(dfo) (dfs)
1 1
D, = —H'H- 5Z’E—lz — 5W’zz—lw,
1 1
Dy = —3 (Z -W) W — §W’E‘1 (Z -W),

Z = Y(Lr®A,)+W,
where YV = diag ((y1 — v1c1)’, ..., (yr — zrar)’), & = diag (K}, ..., hy),

I,

iL‘lAg _7 I

W = ‘. . , H =
.T}TAQ . Ir Ir
Observe that given this, a standard Newton-Raphson algorithm could be constructed by updat-

ing
j+1 j -
f(@] ) = /;(J) — D 'd.

However, —D is not guaranteed to be positive definite for all fy, and in fact, will only be positive
definite in a very small neighborhood around fy in many applications. Thus, using the standard
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Newton-Raphson scoring algorithm will not work well in practice. Nevertheless, we can construct
a similar algorithm by replacing D with D;.

The advantage of this approach is that D; is guaranteed to be positive definite for all fy, and
therefore, an update from any fy will always be an ascent direction. The disadvantage, of course,
is that in the neighborhood around the mode where D is positive definite, the convergence may
be theoretically slower than what is achieved by standard Newton-Raphson. However, even this
drawback may be small to the extent that E, (D2) = 0. In fact, D; is closely related to the
Fisher information matriz

1
F=—-HH- 3 (Ir ® AL Ay) — WS,

which is sometimes used to construct scoring algorithms. Using either F' or D will guarantee
positive ascent for any value of fy; we prefer D; as it appears to yield faster convergence in
practice. Finally, note that D, D; and F' are all sparse, banded matrices which results in fast
computation of updates even in large dimensions.



2 Derivation of posterior terms

In this appendix we define the terms in the conditional posteriors presented in Section 3 for
a, and ay in both specifications and f;, and f, in Specification 2. Each of these parameters
has a normal prior of the form a, ~ N (0,V,), fa ~ N (0,V;,), an ~ N (0,V,,), and f;, ~

N (0,V},,), and a conditional normal posterior.
For Specification 2, recall the model specification in (?7) and (??) reproduced here:

Yy =t + v Ao far + 61, €0~ N(0,%),

Jat = fap—1+ 2zags  Zax ~N(0,1..),  fao=0,
Y = diag (eh“, e eh”’t) he = (Rig,,-- s hng)
hy = h+ Ap frt
Joe = fro-1+ 20 20e~ N0, 1), fao=0,

To obtain a simple form for the posterior for a, = (o/ , vec (Aa)/)/ we use

Yy = mo+ (fL, Q@) vee(Ay) + &
= [xt (f;[t ® xt)] Qo + €t

Stack y; over time to form the Tn x 1 vector y, stack the matrices [:L‘t ( for® xt)} into the
Tn x kr, matrix X, and similarly stack ¢, into the Tn x 1 vector €. We can now write the
measurement equation as

y = Xa,+ ¢ where e ~ N (0,%). (1)

Y. is the diagonal matrix in which the (£ + 4, + i) element is the variance of the i" element of ¢
where i € {1,...,n}. With a prior of the form N (0,V ), the posterior has the form N (@, V)
where V, = [X'S71X + K;l]fl and @, = Vo, X' 1.

To define the terms in the posterior for the factors f,, and f3, we first define the form of
the prior covariance matrices V., , and V;,. Let the (r x 1) vector f; be either f,, or f; such
that » = r, or r = r,, respectively. In generic form then, the state equation for the factors can
be written as

fo=fici+tz, z2~N(01), fo=0.
Stack the f; into the T'r x 1 vector f, similarly stack the z; into z, and let R be the (Tr x T'r)

differencing matrix,
I, 0 0 0

—I., I, O 0
R, = 0 I, I, 0

0 0 O I,

We can now write
R.f=z z~N(0,Ip,) andso f = R, 'z ~ N (O, (R;Rr)_1> .

-1

This shows that the priors covariance matrices for f,; and f,; are V, = (R;aRra) and

Vin= (R;-thh)_l respectively.



To define the terms in the posterior for the f,;, N (7a,7f,a), we write the measurement
equation as

Y — v = zAofar+ et

= T:a, + & where T; = [xt (f(;t ® xt)] :

Stacking y{ = 1, — 2y over time to form the T x 1 vector 4/ and defining

l‘lAa 0 0
f 0 x4, - 0
0 0 xTAa

we can write Vi, = [X'S7'X + R, R, | ~! and fo=Via XISyl

For the vector a;, = (h’ vec (Ah)')/ with posterior N/ (ah,Vh), we apply the transformation
from Kim, Shephard and Chib (1998) and condition upon the states s; to obtain the measure-
ment equation as

Yy, = 1n(€t2+6)—mt:h+Ahfhvt+5f
= wxjap +¢e; where 7 = [I,  (f;,®1,)].

The term &} + m; is normal with mean vector m;.! Let y* = {y;} be the Tn x 1 vector of
stacked y;, X* be the T'n x nr, matrix of stacked z}. Finally, let ¥, be the diagonal matrix in
which the (¢t +4,¢ + i)th element is the variance of the i element of ¢ where i € {1,...,n}.
Combining the likelihood with the prior N (0,V, ) we can write Vi = [ X751 X —I—K;hlrl
and @y, = V, X3 1yr.

Finally we define the terms in the conditional posterior for f;, N (7,1,7“) . Again condi-
tional upon the states identified in sj, the measurement equation can be written

(. :ln(af—i-é) —my —h=Apfa +¢;.

Let 4™ be the T'n x 1 vector of stacked y;*, X** be the T'n x Tr, matrix (I ® Ay) . Finally, let
¥, be the diagonal matrix in which the (¢t + ¢, + i)th element is the variance of the i’ element

of ¥;i = 1,...,n. Combining the likelihood with the prior N (o, (R;thh)_l) we can write
Vf,h — [X**IZ;IX** + R;thh} -1 and 7h _ KﬁhX**/Z}:ly**'

In Specification 1, the conditional posteriors for a, and a; have the same form as that in
Specification 2 except with f,; and f,, replaced by fo,.

!The means and variances of the elements of &f +m; depend upon the states in sj, and are presented in Table
4 of Kim, Shephard and Chib (1998).



3 Tables and Figures

In this section we present a complete set of results obtained for the macroeconomic application
discussed in Section 4 of the main text.

Table 1: DICs for models specified with n = 8 and various combinations of r,, and 7. All values
are relative to the DIC of the constant coefficient model (i.e. r, = ry = 0).

3 states 5 states 7 states 10 states 12 states

re r, DIC |7, 7, DIC|r, r, DIC|r, r, DIC]|r, 7, DIC
3 0 -402| 5 0 -422| 7 0 -351|10 O -102|12 O 88
2 1 -443| 4 1 -452| 6 1 -349| 8 2 -269| 8 4 -200
1 2 414 3 2 -486| 4 3 478 6 4 -358| 7 5 -333
0 3 33| 2 3 -490| 3 4 -475| 5 5 -446| 6 6 -360
1 4 408 1 6 -410| 4 6 -483| 5 7 -384

0 5 -338| 0 7 -336| 2 &8 -463| 4 8 -442

shared -263 | shared -68 | shared 199 | shared 441 | shared 769

Table 2: DICs for models specified with n = 15 and various combinations of r, and r,. All
values are relative to the DIC of the constant coefficient model (i.e. r, =1, = 0).

3 states 5 states 7 states 10 states 12 states
re rm, DIC |7, 7, DIC|r, 7, DIC|7r, 7, DIC|r, 7, DIC
3 0 -764| 5 0 -766| 7 0 -742 (10 O -366 |12 0 -140
2 1 771 4 1 816 6 1 -688| 8 2 -48 | 8 4 -573
1 2 7111} 3 2 87| 4 3 -82| 6 4 -697| 7 5 -655
0 3 -562| 2 3 81| 3 4 -88| 5 5 -854| 6 6 -800
1 4 -756] 1 6 -698| 4 6 -876| 5 7 -792
0O 5 B8 | 0 7 -b65| 2 8 -800| 4 8 -840
0 10 -545| 0 12 -577
shared -770 | shared -835 | shared -719 | shared -418 | shared 199
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