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Preface

This book is written for readers who want to understand and implement the
Bayesian models and methods used in modern empirical macroeconomics and
forecasting. These methods are now standard tools in both academia and cen-
tral banks, and the models applied in practice have become high-dimensional
and computationally intensive. A solid understanding of the underlying algo-
rithms is therefore essential. The book aims to cover these methods in enough
depth that readers can both apply and extend them in their own research.

I have written this book in the way I would have wanted to learn. I rarely
feel that I truly understand a method until I have derived it from first princi-
ples and implemented it myself in prototype code. I also want to understand
which features of the data a model is designed to capture, how it is used in
practice, and what its strengths and limitations are.

These preferences reflect a simple belief: econometric models and methods
should be motivated by the demands of applications, by what the empirical
researcher needs to accomplish. Methods serve applications, not the other way
around. I have organized the material in this book according to this principle:
models appear because they answer questions that macroeconomists ask, and
estimation methods appear because those models require them.

The book grew out of a set of lecture notes for my PhD-level courses
in Bayesian econometrics. The original goal of these notes was to prepare
doctoral students to read the research literature and to conduct independent
research in Bayesian macroeconometrics. Over time, the notes were expanded
and reorganized, with an emphasis on practical implementation.

This book brings together Bayesian modeling, posterior derivations, al-
gorithmic design, and computation. Derivations are presented in detail, and
MATLAB code is integrated directly into the text to illustrate algorithms and
empirical applications. The book pays close attention to how posterior sam-
plers are constructed and implemented, especially in high-dimensional settings
where these details matter for whether a method is usable at all. Each chap-
ter is anchored by worked examples on real macroeconomic data and ends
with exercises that reinforce the material. All the datasets and MATLAB code
used in this book, along with R and Python implementations, are available
on the companion website, https://joshuachan.org/bayesmacro, together
with errata and other updates.

Xi



xii Preface

A central organizing principle of the book is the role of linear regression.
Linear regression is both a foundational model and a building block that reap-
pears, often in disguised form, throughout Bayesian macroeconometrics. Many
models used in practice, including state space models and vector autoregres-
sions, can be viewed as collections of linear regressions linked by latent states
or dynamic dependence. Even nonlinear and nonparametric models often re-
tain this underlying regression structure in embedded or conditional form. For
this reason, this book begins with a careful and detailed treatment of Bayesian
linear regression, including explicit derivations of posterior distributions and
simulation algorithms. These derivations recur, in modified form, throughout
the book, and tie together models that might otherwise look unrelated.

The material is organized into three parts. Part I, Core Bayesian Model-
ing and Assessment, develops the foundational Bayesian toolkit in regression
settings, starting from linear regression, extending to mixture models, and con-
cluding with methods for model comparison. In this part, Markov chain Monte
Carlo methods such as the Gibbs sampler and Metropolis—Hastings algorithm
are introduced concretely, through the models that motivate them, before
their formal treatment in Part II. Part II, Bayesian Computation and High-
Dimensional Methods, then develops the underlying theory of Markov chain
Monte Carlo and presents more advanced sampling algorithms, along with
flexible modeling approaches including Bayesian nonparametrics and modern
shrinkage priors. Part III, Bayesian Time-Series Models, applies these tools
to dynamic macroeconomic models, including time-varying parameter models,
stochastic volatility models, factor models, and vector autoregressions, with
particular emphasis on large, high-dimensional models.

The intended audience includes graduate students and researchers in
econometrics, macroeconomics, and finance. Readers are expected to have
completed a graduate-level or advanced undergraduate-level course in econo-
metrics and to be familiar with matrix algebra and basic concepts from prob-
ability and statistics, such as conditional distributions, expectations, and like-
lihood functions. Appendix B collects the matrix algebra results used in the
book, for readers who would like a refresher. The book is suitable both as a
primary text for graduate courses in Bayesian macroeconometrics or Bayesian
time-series analysis and as a reference for researchers seeking to apply Bayesian
methods in empirical macroeconomic work.

If the book succeeds, readers will finish it ready to read the current lit-
erature critically, to use these methods in their own empirical work, and to
extend them in directions that go beyond what is covered here.

Joshua Chan
West Lafayette
July 2026
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1

Foundations of Bayesian Econometrics

Bayesian methods are based on a few elementary rules of probability theory.
At the core is Bayes’ theorem, which describes how beliefs about unknown
model parameters are updated in light of new information. This introductory
chapter provides an overview of Bayesian theory and computation through a
sequence of simple examples. The basic normal models considered here are
special cases of the normal linear regression framework introduced in the next
chapter. Many models used in empirical macroeconomics, including vector au-
toregressions and state space models, can be expressed as systems of regres-
sions, often involving latent states. The derivations and computational ideas
introduced here therefore provide the foundation for the macroeconometric
models studied throughout the book.

1.1 Bayesian Inference and Computation

This section is organized into two parts. We first describe the basic compo-
nents of Bayesian inference, including the posterior and posterior predictive
distributions. We then discuss how these quantities can be computed in prac-
tice using simulation-based methods.

1.1.1 Posterior and Predictive Distributions

The fundamental organizing principle in Bayesian econometrics is Bayes’ the-
orem. It provides the unifying framework for how Bayesian methods estimate
model parameters, conduct inference, form predictions, and compare compet-
ing models.

Bayes’ theorem states that for events A and B, the conditional probability
of A given B is:
P(A)P(B|A)

P(B)

where P(A) and P(B) are the marginal probabilities of events A and B, re-

P(A|B) =

3



4 CHAPTER 1. FOUNDATIONS OF BAYESIAN ECONOMETRICS

spectively. This expression describes how beliefs about event A are updated
when information contained in event B becomes available.

To apply Bayes’ theorem to estimation and inference, we introduce some
notation. Suppose the model is characterized by the density p(y|@), where
6 is a vector of unknown model parameters. This function plays two roles:
viewed as a function of y for a given parameter value, it specifies how the
data are generated; viewed as a function of @ at the observed data, it is the
likelihood function, measuring how probable the observed sample would have
been under each parameter value.

Now suppose an observed sample y = (y1,...,yr) is available, and the
objective is to learn about 6. The goal of Bayesian methods is to obtain the
posterior distribution p(@|y), which summarizes all the information about the
parameter vector @ given the data.

Applying Bayes’ theorem, the posterior distribution can be computed as

p(0)p(y|0)

p(0|y) = o)

o< p(0) p(y|0),

where p(0) is the prior distribution and

p(y) = / p(8) ply|6)d6

is the marginal likelihood. The marginal likelihood is the density the model
assigns to the observed data after averaging over the prior, and it plays a
central role in Bayesian model comparison: the ratio of marginal likelihoods
across two models gives the Bayes factor, which combines with prior model
probabilities to yield posterior model probabilities. We return to these ideas
in Chapter 5. Bayes’ theorem shows that inference about € combines two
sources of information: prior beliefs summarized by p(6@) and information in
the observed sample y summarized by the likelihood.

The prior distribution p(@) reflects beliefs about the parameters before
observing the data. The need to specify a prior distribution is sometimes
viewed as a weakness of the Bayesian approach. However, priors provide a
formal mechanism for incorporating nondata information, such as economic
theory or application-specific knowledge, and for imposing structure in high-
dimensional settings. From a frequentist perspective, prior distributions can
often be interpreted as a form of regularization.

A fundamental feature distinguishing the Bayesian method from the fre-
quentist approach concerns what is treated as fixed and what as random.
Frequentist inference treats the parameter @ as fixed but unknown and the
data y as the random object; estimators, standard errors, and confidence inter-
vals are accordingly evaluated by their behavior across hypothetical repeated
samples drawn from p(y | 8). Bayesian inference reverses this conditioning: the
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observed sample y is treated as given, and uncertainty about @ is described
by the posterior distribution p(0|y). As a result, Bayesian probability state-
ments such as P(6; > 0]y) have a direct interpretation as statements about the
parameter conditional on the observed data, whereas frequentist confidence
statements refer to long-run coverage across hypothetical repeated samples.

The posterior distribution p(@|y) characterizes all relevant information
about 6 given the data. For example, point estimates may be obtained using
the posterior mean E(0 |y) or the posterior mode argmaxg p(6 |y), while un-
certainty about @ may be summarized using posterior standard deviations.
In particular, for the ith element of 6, uncertainty can be quantified by

\/ Var(@i | y)

In many applications, interest lies not only in inference about model pa-
rameters, but also in predicting future or unobserved outcomes. Bayesian pre-
diction is based on the posterior predictive distribution, which integrates over
uncertainty about the parameters. For a future observation yr41, the posterior
predictive distribution is given by

p(yr1ly) = /p(yT+1 |0)p(6|y)de.

The posterior predictive distribution provides a density forecast for yri1, ac-
counting for both intrinsic randomness in the data generating process and
uncertainty about the parameters.

Point forecasts can be obtained by summarizing the posterior predictive
distribution. A common choice is the posterior predictive mean,

E(yry1ly) = /ZJT+1 p(yrs11y) dyri1,

which minimizes expected squared forecast error. Measures of predictive un-
certainty can be obtained from the posterior predictive variance or from pre-
dictive quantiles. Posterior predictive distributions are therefore the basis for
forecasting, uncertainty quantification, and model evaluation.

1.1.2 Monte Carlo and MCMC Methods

In principle, many quantities of interest—such as posterior moments, quan-
tiles, and predictive distributions—can be computed once the posterior distri-
bution p(@ |y) is known. In practice, however, they are often not available in
closed form. In such cases, Monte Carlo simulation is required to approximate
them.

To illustrate the main idea, suppose we obtain R independent draws from
the posterior distribution p(6 |y), denoted by 81, ..., 80U If the first mo-
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ment exists, then by the weak law of large numbers the sample mean

1 R
g— — (r)
6= R;a

converges in probability to E(0|y) as R — oo. Since the simulation size
R can be chosen by the researcher, posterior moments can in principle be
approximated arbitrarily well, given sufficient computation. Other posterior
quantities, such as variances or quantiles, can be estimated analogously using
their sample counterparts.

More generally, inference on any function of the model parameters can be
conducted in the same way. Given a function g(0), posterior inference about
g(@) can be carried out by evaluating g(8)) for r = 1, ..., R and summarizing
the resulting sample.

Thus, Bayesian estimation and inference can often be viewed as a com-
putational problem of obtaining draws from the posterior distribution. In
general, sampling from an arbitrary distribution is difficult. Fortunately, a
large class of algorithms—collectively known as Markov chain Monte Carlo
(MCMC) methods—has been developed to sample from complex posterior
distributions.

The basic idea behind these algorithms is to construct a Markov chain
whose stationary distribution coincides with the target distribution, which in
this context is the posterior distribution. By construction, draws produced
by MCMC algorithms are autocorrelated. Nevertheless, under mild regularity
conditions, ergodic theorems ensure that sample averages computed from these
correlated draws converge to their population counterparts (see Section 6.1 for
a formal statement). As a result, MCMC output can be used to consistently
estimate posterior expectations and other quantities of interest, provided that
the corresponding moments exist.

In the sections that follow, we use various simple examples to illustrate
these ideas in a concrete setting. Basic MCMC methods, including the Gibbs
sampler, are introduced to tackle the specific computational challenges that
arise in these examples. A more systematic and theoretical treatment of
MCMC methods is deferred to Chapter 6.

1.2 Normal Model with Known Variance

This section introduces Bayesian inference in its simplest parametric setting.
The normal model with known variance admits analytical posterior results
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and provides a transparent illustration of how prior beliefs are combined with
information from the data. The example also serves as a building block for the
regression-based and macroeconometric models developed in later chapters.

1.2.1 Model Setup

To illustrate the basic mechanics of Bayesian inference, consider the prob-
lem of estimating GDP growth next quarter using a survey of professional
forecasters. Let y1,...,yr denote the T survey responses, where each y; rep-
resents an annualized GDP forecast from one forecaster. We interpret these
forecasts as unbiased but noisy measurements of the quarter-ahead expected
GDP growth rate p. As a simple starting point, suppose that conditional on
1, the survey responses are independent and normally distributed with known
variance o2, reflecting forecast errors and cross-sectional disagreement. Nor-
mality is a convenient starting assumption that yields closed-form posterior
results; heavier-tailed and more flexible error distributions are developed in
Chapters 3 and 4.

A simple model for this measurement problem is the normal model
(yt‘ﬂ)NN(/L,U2), tzlv"'7T7 (11)

where the variance o2 is assumed to be known. The model (1.1) defines the
likelihood function p(y | u).

We adopt the normal prior p ~ N(pg,03), where pg and o3 are hyper-
parameters, treated as known in this example. They can be calibrated from
historical data: for instance, g may be set equal to the average realized GDP
growth rate over the past two decades, while o3 reflects uncertainty about
how informative this long-run average is for the current quarter-ahead fore-
cast. A transparent way to set it is 08 = 02 /Ty for some Ty > 0, so that
the prior carries the same information as Ty hypothetical survey responses;
the numerical example below adopts Ty = 1. The normal distribution and its

parameterization are summarized in Appendix A.

1.2.2 Posterior Distribution and Interpretation

All the relevant information about p is summarized by the posterior distribu-
tion, which is obtained by Bayes’ theorem:

p() p(y [ 1)

p(uly) = o)

In this case, the posterior distribution p(u|y) is itself normal. We establish
this result explicitly below. Although the algebra may appear tedious at first,
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working through this derivation is instructive, as the same calculations and
insights recur throughout the book in more general regression and state space
models.

In the first step, we write out the likelihood function p(y | ). Recall that
conditional on p, the observations yi,...,yr are independently distributed
according to a normal distribution with mean p and variance o?; see Ap-
pendix A for the definition and parameterization of the normal distribution.

It then follows from (1.1) that the likelihood function is given by

T
p(y [n) H (2rc?) ~3e 57 W)’
t=1
= 2n0?) ke w7 L )’ (1.2)

Similarly, the prior density p(u) is given by

2
—ﬁ(u—uo)

_1
p(p) = (2ma5) " Ze (1.3)

We now combine the likelihood (1.2) and the prior (1.3) to obtain the pos-
terior distribution. Since the variable of interest in p(p |y) is u, multiplicative
constants that do not depend on i can be ignored; see Exercise 1.3. By Bayes’
theorem,

pply) o p(p) p(y | 1)

2 T
e . 2(# Ho) 67272 t:l(yt7#)2

1(p2-2 Tu? —2u3 )
< exp l_ (u 2un0 T MQthl Yt
2 og o
1 1 TN wo Ty
— =+ = —2u| =5+ — 14
ol (2w (5 ) oo
where § = T7! Zle y; denotes the sample mean. Because the exponent

in (1.4) is quadratic in g, the posterior distribution p(u|y) is normal. We
next determine its mean and variance.

In this example, the posterior distribution belongs to the same parametric
family as the prior—both are normal. More generally, when the prior and
posterior distributions belong to the same family, the prior is referred to as a
conjugate prior for the likelihood.

To derive the mean and variance of the posterior distribution, suppose that

(nly) ~N(ii, Dy)

for some posterior mean [ and variance D,,. Using the normal density, the
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posterior density can be written as
1 N2
p(|y) = (27D,,) " 2e” 20x #7H)

~

1 1 2
-3 (TMM *QNDLH)

Comparing this expression with (1.4), and noting that the two expressions
must coincide for all p € R, we obtain

1 7T\

Matching the linear terms in p yields

x e

s -7
2 2
D, o5 o

I po | Ty
(B 12)
0

o2

Ti
7/lo+ Y

Substituting for D,,, the posterior mean can be written as

—1 _ 1 T
~ 1 T Mo Ty a'g 52 _
a < * > < + - po + -
A7) Rt ST EN T TE

Thus, the posterior mean is a weighted average of the prior mean o and the
sample mean y, with weights proportional to their respective precisions. As
the sample size T increases, a greater weight is placed on y. Conversely, for a
fixed sample size and measurement variance, a more informative prior—that
is, a smaller o2—receives greater weight. In this example, the posterior mean
combines a historical benchmark for GDP growth with information from the
survey of professional forecasters, with the relative weights determined by
the precision of the prior calibration and the cross-sectional dispersion of the
survey forecasts.

This weighted-average form has a useful interpretation: the prior acts as
a shrinkage device, pulling estimates toward economically meaningful bench-
mark values when the data are noisy or the sample size is small. In the present
example, the posterior mean shrinks the survey-based estimate toward the his-
torical average growth rate, with the strength of this shrinkage governed by
the relative precision of the prior and the data. The same principle underlies
many Bayesian macroeconometric methods, where priors stabilize estimation
in high-dimensional or short-sample settings.

Beyond inference on model parameters, Bayesian analysis also yields pre-
dictions for future or unobserved outcomes through the posterior predictive
distribution. In the normal model with known variance, the posterior pre-
dictive distribution for a future observation can be derived analytically by
integrating out posterior uncertainty in p. The details of this derivation are
given in Exercise 1.4.
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Example 1.1 (Posterior Updating in a Survey-Forecast Model). As a
numerical illustration, suppose the prior mean is set to pg = 2, reflect-
ing a long-run average annualized GDP growth rate of 2 percent, while
the sample mean of the survey forecasts is y = 0.5, indicating more
pessimistic expectations for growth next quarter. Suppose further that
03 = 02 = 1, so that the prior variance is equal to the variance of a single
survey forecast. Figure 1.1 overlays the prior with a sequence of posterior
distributions of u for T'= 1,2, 5, and 25, where successively darker curves

correspond to larger sample sizes.

The prior is centered at g = 2 and is relatively diffuse. As T' grows,
the posterior shifts toward the sample mean 3 = 0.5 and becomes increas-
ingly concentrated, reflecting the growing weight placed on the survey
information. For T" = 1, the posterior mean equals 1.25, exactly halfway
between the prior and sample means. For T' = 25, the posterior is sharply
peaked near y and the influence of the prior is small.

Prior
—T =1
—_—T=2
—_—T=5
—_—T =25

FIGURE 1.1: Prior p(p) (dashed) and posterior distributions p(u |y) for
T =1,2,5,25, with darker shades corresponding to larger 7'

1.2.3 Credible Sets and Monte Carlo Integration

Since (p]y) ~ N (1, D), a variety of posterior quantities can be computed
directly, including the posterior mean E(u|y) = [, posterior standard devi-
ation /Var(u|y) = /D, posterior probabilities such as P(u > 0]y), and
credible sets for p. A (1 — «) credible set is any subset C' C R satisfying
P(u € Cly) = 1 — o. Two common choices are the equal-tailed interval,
formed by the /2 and 1 — /2 posterior quantiles, and the highest posterior
density region, defined as the smallest such set and equivalently the set of
values with posterior density above a threshold. The two coincide when the
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posterior is symmetric and unimodal, as in the present normal example, but
can differ noticeably when the posterior is skewed.

More generally, interest may lie in the posterior expectation of a function
g(u), which need not be available in closed form. In particular, consider

E(g(u)y) = /g(u) pp|y)dp.

In many cases, this integral cannot be evaluated analytically. However, it
can be approximated using Monte Carlo integration. Specifically, suppose we
generate R draws u(D, ..., u(") from the posterior distribution p(x|y). The
posterior expectation can then be estimated by

1 R
g=%> 9"
r=1

=

By the weak law of large numbers, g converges in probability to E(g(u)|y)
as R — o0. Because the simulation size R is under the researcher’s control,
posterior expectations can in principle be approximated to arbitrary accuracy.

Example 1.2 (Monte Carlo Approximation of a Posterior Probability).
As an illustration, suppose g(z) = 1{z < 0}, so that the posterior ex-
pectation E(g(u) |y) corresponds to the posterior probability that GDP
growth next quarter is negative: E(g(p) |y) = P(1 < 0]y). This proba-
bility provides a simple measure of downside risk that is often of direct
interest in macroeconomic analysis.

Suppose further that (u|y) ~ N(@,D,), with & = 0.64 and D, =
0.09. The following MATLAB script normal known variance.m imple-
ments Monte Carlo integration using R = 10,000 draws.

R = 10000;
mu_hat = 0.64; Dmu = 0.09;
mu = mu_hat + sqrt(Dmu)x*randn(R,1);

g_hat = mean(mu<0);

Listing 1.1: Monte Carlo approximation of the posterior probability
P(u < 0|y) (normal known variance.m).

The command randn(R,1) generates an R X 1 vector of standard
normal random variables. Recall that if Z ~ N(0,1), then Y = a + bZ
follows a A (a,b?) distribution. Accordingly, the third line generates R
draws from the posterior distribution N'(z, D,,). The fourth line evaluates
the indicator function 1{y < 0} for each draw and computes its sample
mean, yielding a Monte Carlo approximation to P(x < 0]y), which is
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approximately 0.0169. This value is close to the corresponding probability
obtained by numerically evaluating the normal distribution function.

1.3 Normal Model with Unknown Variance

We now extend the normal model studied in the previous section by allowing
the error variance to be unknown. We first specify the model and prior distri-
butions and derive the joint posterior distribution. We then discuss posterior
sampling using Gibbs sampling and illustrate the resulting algorithm with a
numerical example.

1.3.1 Model and Joint Posterior

Consider the normal model
(yt\,u,cr2)~./\/'(,u,02), tzla"'vTa

where both p and o2 are now unknown. We assume p and o2 are a priori
independent, so that p(u, 0?) = p(u) p(c?). For u, we retain the same prior as
in the previous section, pu ~ N (g, 03). Since o2 takes values on the positive
real line, a conventional choice is the inverse-gamma prior. We assume o2 ~

ZG (v, So), with density

(02)—(1/04-1)6—50/02’ o2 > 0.

The inverse-gamma distribution is widely used as a prior for variance param-
eters in Gaussian models, in part because it leads to analytically convenient
posterior updates.

The inverse-gamma distribution and its properties are discussed in more
detail in Appendix A. Multiple parameterizations of the inverse-gamma dis-
tribution are common in the literature; throughout this book we adopt the
parameterization shown above. When comparing results across sources, it is
important to verify the parameterization being used. Under this parameter-
ization, the prior mean E(0?) = Sg/(vp — 1) exists for 15 > 1, and smaller
values of vy correspond to heavier-tailed, more diffuse prior beliefs about the
scale of the measurement error.

Given the likelihood and prior distributions, we can derive the joint pos-
terior distribution of (1, 0%). By Bayes’ theorem, the joint posterior density is
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proportional to the joint density of the parameters and the data:

p(p,0?|y) o p(p, o°,y)
o< p(p)p(a®)ply | 1, 0®)

T
e_if(”‘w(a?)*(”ﬁl)e*% [Je?) 2 zzv=m" (15)
t=1

where proportionality holds up to a normalizing constant that does not depend
on (p,0?).

Although an explicit expression for the joint posterior density is available,
it is generally not straightforward to compute analytically posterior quanti-
ties of interest, such as the posterior mean E(u|y) or the posterior variance
Var(o?|y). A natural way forward is therefore to rely on Monte Carlo simu-
lation to approximate these quantities.

1.3.2 Introducing the Gibbs Sampler

To compute posterior quantities of interest in this model, we require draws
from the joint posterior distribution p(u,o? |y). For example, to approximate
the posterior variance Var(o? |y), suppose we obtain R draws from the joint
posterior distribution p(u,o?|y), denoted by (u,o2M), ... (u), o2(R),
An estimator of the posterior variance is then given by

R

1 o
E 2(0_2( ) — 0—2)23

r=1
where 62 denotes the sample mean of the simulated draws.

The remaining challenge is therefore computational: how can we generate
draws from the posterior distribution? This question motivates Markov chain
Monte Carlo (MCMC) methods, a broad class of algorithms designed to sam-
ple from complex probability distributions by constructing a Markov chain
whose stationary distribution coincides with the target posterior distribu-
tion. Foundational contributions include the Metropolis algorithm (Metropolis
et al., 1953) and its generalization by Hastings (1970). In Bayesian econo-
metrics, influential early expositions of simulation-based posterior inference
include Gelfand and Smith (1990) and Chib and Greenberg (1995). We begin
by introducing one such method, the Gibbs sampler.

Suppose we wish to sample from a target distribution p(@), where the
parameter vector @ is partitioned into B blocks 61,...,05. A Gibbs sampler
constructs a Markov chain 81,8 ... by iteratively sampling each block
from its full conditional distribution

p(0i|017...,01-,170”1,...,03), izl,...7B.
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Under mild regularity conditions, the stationary distribution of the resulting
Markov chain coincides with the target distribution p(8).

Operationally, the algorithm proceeds as follows. Starting from an initial
value 8(?) the Gibbs sampler iterates through the conditional distributions
to generate a sequence of draws. Algorithm 1.1 summarizes the procedure.

Algorithm 1.1 Gibbs Sampler

Input: Initial value (%) = (050), cee O(BO)) and number of iterations R.
1. Forr=0,1,..., R — 1, repeat the following updates:

(a) Draw
oU ) < p (01 16", .,ag)) .
(b) For i =2,...,B — 1, draw
o) < p (91- 1o+ et g ...,ag)) :

» Y410

(¢) Draw
0y ~p(0nl6 ), 051

2. Return the draws {8} 2

It is important to emphasize that the Markov chain 81,83 ... does not
converge to a fixed vector of constants. Rather, as the number of iterations
increases, the distribution of (") converges to the target distribution p(@).

In practice, the initial draws may be influenced by the starting value 8(?,
typically set to a rough estimate such as the prior mean or a maximum likeli-
hood estimate; ergodicity ensures the chain eventually forgets its initialization.
It is therefore common to discard the first Ry iterations, referred to as the
burn-in period. A variety of convergence diagnostics have been proposed to
assess whether the Markov chain has reached its stationary distribution. One
widely used diagnostic is the Geweke convergence test described in Geweke
(1992). These diagnostics, together with a more systematic treatment of con-
vergence and Markov chain theory, are discussed in greater detail in Chapter 6.

1.3.3 Gibbs Sampler for the Two-Parameter Normal Model

We now return to the estimation of the two-parameter normal model. To
construct a Gibbs sampler for drawing from the joint posterior distribution
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p(u,o?|y)in (1.5), we require the two full conditional distributions p(u |y, o?)
and p(o® |y, ).

We begin with the conditional distribution of y. Conditional on o2, the
model reduces to the normal model with known variance studied in the pre-
vious section. Applying the same derivation as before yields

p(uly,o?) o p(u)p(y | 1, 0?)
+

((r5)n(08)
xX e 0 0 .
(/J’ ‘ Y7U2) ~ N(ﬁ? Du)a

1 T\*' o Ty
o=(gt ) - =0 )

Next, we derive the conditional distribution of ¢2. Combining the prior
and likelihood terms that depend on o2 gives

Nl=

It follows that

where

p(o? |y, ) x p(o?) ply |, 0?)
o (0_2)—(v0+1)e—570 (0_2)—T/2€—ﬁ Z;F:l(yt—ﬂ)z
S0+ 3T (yi-m)2/2
N (02),(V0+T/2+1)e_02t:;—2t

This expression corresponds to an inverse-gamma distribution. Comparing
with the inverse-gamma density, we obtain

T e
(0 |y, p) ~IG <u0+2,50+22(yt—u)2> :

t=1

The resulting Gibbs sampler for the two-parameter normal model proceeds
as follows. Choose initial values ,u(o) = qp and 02 = py > 0. Then, for
r=1,..., R, iterate: (1) Draw u(") ~ p(u|y,o?"=1); and (2) Draw o2(") ~
p(o® |y, ul").

After discarding the first Ry draws as burn-in, the remaining draws
{ ), g2(r) }f’/: Ro+1 can be used to approximate posterior quantities of interest.
For example, the posterior mean of u may be estimated by

1 R
3 o
17
R o RO r=Rop+1

as an estimate of E(u|y).
This two-step Gibbs sampler is a direct application of Algorithm 1.1 to
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the present model. The parameter vector is @ = (u,0?), and each iteration
alternates between sampling from the full conditional distribution of p given
o2 and the full conditional distribution of o2 given u. Because both con-
ditional distributions belong to standard families—the normal and inverse-
gamma distributions—each Gibbs update can be implemented by direct sim-
ulation. This conjugate structure makes the sampler particularly simple and
efficient, and it highlights how Gibbs sampling exploits conditional tractability
even when the joint posterior distribution is not easily summarized analyti-
cally.

In more elaborate macroeconometric models, the same principle applies,
although the conditional distributions may no longer have closed-form expres-
sions and may require additional numerical methods. The basic logic, however,
remains unchanged and will recur throughout the book.

Example 1.3 (Gibbs Sampling for the Two-Parameter Normal Model).
As an illustration, the following MATLAB script normal_gibbs.m gener-
ates a synthetic dataset of T'= 100 observations from the two-parameter
normal model with p = 3 and 02 = 0.1. It then implements the Gibbs
sampler derived above by alternately sampling from the two conditional
distributions, p(u |y, o?) and p(o? |y, i).

% MCMC settings
nsim = 10000;
burnin = 1000;

% simulate data from the mormal model

T = 100;
mu = 3;
sig2 = .1;

y = mu + sqrt(sig2)*randn(T,1);

% prior hyperparameters

mu0 = 0; % prior mean of mu

sig20 = 100; / prior wariance of mu

nu0 = 3; % IG shape parameter for sig2
SO = 0.5; / IG scale parameter for sig2

% initialize the Markov chain

mu = O0;

sig2 = 1;

store_theta = zeros(msim,2); /% columns: [mu, sig2]
for isim = 1:nsim + burnin

% sample mu

Dmu = 1/(1/sig20 + T/sig2);

mu_hat = Dmu*(muO/sig20 + sum(y)/sig2);
mu = mu_hat + sqrt(Dmu)*randn;
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/% sample sig2
sig2 = 1/gamrnd (nu0+T/2,1/(SO0+sum((y-mu) . 2)/2));

% store draws after burn-in
if isim > burnin
isave = isim - burnin;
store_theta(isave,:) = [mu sig2];
end
end
/% posterior means
theta_mean = mean(store_theta) ’;

17

Listing 1.2: Gibbs sampler for the normal model (normal_gibbs.m).

Sampling from the conditional distribution (u|y,o?) proceeds ex-
actly as in the known-variance case discussed earlier. Sampling from
the conditional distribution (02 |y, u) is implemented by exploiting the
relationship between the inverse-gamma and gamma distributions: an
inverse-gamma draw can be obtained by taking the reciprocal of a gamma
draw; see Exercise 1.7. In the code, this is accomplished using the built-
in gamrnd function, whose parameterization of the gamma distribution
differs from the inverse-gamma parameterization used in this book and
therefore requires a simple transformation.

Using 10,000 posterior draws after discarding the first 1,000 iterations
as burn-in, the posterior means of y and o2 are estimated to be 2.99 and
0.11, respectively, which are close to the true data generating values.
Figure 1.2 displays trace plots of the post-burn-in draws: both chains
fluctuate around stable levels with no apparent trend or sticky behavior,
consistent with the sampler having reached its stationary distribution.

3.2

12
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28 | | | | | | | | |
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
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1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
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0.05

FIGURE 1.2: Trace plots of the post-burn-in draws of u (top) and o?
(bottom).
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1.4 Further Reading

Introductory treatments of Bayesian inference can be found in many stan-
dard texts. Gelman et al. (2013) provide a broad and influential overview
of Bayesian modeling, prior specification, and posterior computation across
a wide range of applications. For readers interested in Bayesian economet-
rics, Koop (2003) and Greenberg (2013) offer accessible introductions that
emphasize regression-based models commonly used in applied work. Geweke
(2005) provides a more comprehensive, graduate-level treatment that inte-
grates Bayesian inference, simulation methods, and econometric modeling.
Additional widely used references include Berger (1985) and Bernardo and
Smith (1994) on the foundations of Bayesian inference, and Poirier (1995)
and Lancaster (2004) on Bayesian econometrics.

The Gibbs sampler originates with Geman and Geman (1984) in the con-
text of image restoration and was brought into mainstream Bayesian statistics
by Gelfand and Smith (1990). Markov chain Monte Carlo methods are sur-
veyed in book-length form by Robert and Casella (2004) and in the handbooks
of Brooks et al. (2011) and Kroese, Taimre and Botev (2011). These references
develop theoretical foundations, convergence diagnostics, and practical imple-
mentation issues. A systematic treatment of Markov chains and MCMC theory
is given in Chapter 6.

Exercises

Exercise 1.1 (Geometric Likelihood with Uniform Prior). Suppose X ~
GEO(p) denotes a geometric distribution with success probability p; see Ap-
pendix A for the definition and basic properties. Assume the prior distribution
for p is uniform on (0,1), that is, p ~ (0, 1).

(a) Derive the posterior distribution of p.
(b) Find the posterior mode.

(¢) Compute the posterior expectation.

Exercise 1.2 (Gamma Likelihood with Gamma Prior). Suppose z; = 1.11,
r9 = 0.53, x3 = 11.14, x4 = 0.49, and x5 = 2.47 constitute an observed sample
from a G(1, \) distribution, where G(«, ) denotes the gamma distribution as
defined in Appendix A. Consider Bayesian inference for the rate parameter A,
using the gamma prior A ~ G(1,2).
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(a) Derive the posterior distribution of .
(b) Compute the posterior mean.

Exercise 1.3 (Normal Mean Posterior with Known Variance). In deriving
the posterior distribution of p in the normal model with known variance in
Section 1.2, we exploit the computational shortcut of ignoring multiplicative
constants that do not depend on . In this exercise, you will verify that retain-
ing all constants leads to the same posterior distribution. To that end, first
compute the marginal likelihood p(y) = [ p(p) p(y | 1) dpe. Then, use Bayes’
theorem to show that the posterior distribution p(u|y) is normal with mean
@ and variance D,, as defined in Section 1.2.

Exercise 1.4 (Normal Posterior Predictive Distribution). Consider the nor-
mal model with known variance

(yt‘N)NN(M,02)7 t:17"'7T7

and prior g ~ N(uo,08). Let yri; denote a future observation gener-
ated from the same model. Using the posterior distribution of u derived
in Section 1.2, compute the posterior predictive distribution p(yr41|y) =
S p(yrs1 | ) p(p|y)dp, and show that (yr4i1|y) is normally distributed.
State its mean and variance.

Exercise 1.5 (Monte Carlo Estimation of a Moment). Suppose X ~ N (2,3)
and we wish to estimate E(X —1)* using Monte Carlo simulation. Specifically,
we generate R = 10,000 independent draws (1, ...,z from the N(2,3)
distribution and compute m = R~! Ef”zl(x(’") —1)%. Give a Monte Carlo esti-
mate of E(X —1)%. Compare the simulation-based estimate with the analytical
value.

Exercise 1.6 (Monte Carlo Standard Error and Simulation Size). Let
pD . ) be independent draws from the posterior distribution, and con-
sider the Monte Carlo estimator g = R~} Zle g(u() of the posterior expec-

tation E(g(u) |y)-

(a) Show that g is unbiased and that Var(g) = Var(g(u)|y)/R, so that the
Monte Carlo standard error decreases at the rate R~1/2.

(b) Consider the downside-risk probability P(u < 0|y) estimated in the
Monte Carlo illustration of Section 1.2, for which g(u) = 1{x < 0}. Show
that g(u) is a Bernoulli random variable, so that Var(g) = p(1—p)/R with
p =P(p < 0]y). Using p ~ 0.0165 and R = 10,000, report the Monte
Carlo standard error.

(c) Determine the number of draws R required for the Monte Carlo standard
error to fall below 1073,
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Exercise 1.7 (Inverse-Gamma as Reciprocal of Gamma). Let X ~ G(a, f§)
denote a gamma-distributed random variable with shape parameter o > 0 and
rate parameter 3 > 0; see Appendix A for the definition. Define Z = X1,
Show that Z follows an inverse-gamma distribution, that is, Z ~ ZG(a, B).

Exercise 1.8 (Equal-Tailed and Highest Posterior Density Intervals). The
equal-tailed and highest posterior density intervals introduced in Section 1.2
coincide for a symmetric, unimodal posterior but differ when it is skewed. Sup-
pose the posterior of a variance parameter is inverse-gamma, o2 ~ ZG(5,2).

(a) Generate R = 10,000 draws from the posterior (an inverse-gamma draw is
the reciprocal of a gamma draw; see Exercise 1.7). Report the 90% equal-
tailed interval from the empirical quantiles, and the 90% highest posterior
density interval, computed as the shortest window of 9,000 consecutive
sorted draws.

(b) Verify that the highest posterior density interval is the shorter of the two,
and explain how its location reflects the right skewness of the inverse-
gamma distribution.

Exercise 1.9 (Gibbs Sampling from a Bivariate Normal). Let (z,y)’ follow
a bivariate normal distribution with mean vector 0 = (0,0)" and covariance

matrix
_(1 »
z(p 1>‘

(a) Show that the full conditional distributions are
(yla) ~ N(pz, 1= p%),  (z]y) ~N(py, 1= p?).

(b) Construct a Gibbs sampler to generate 10,000 draws from the joint dis-
tribution N (0, X). Plot the simulated draws for p = 0, 0.7, and 0.9, and
comment on how the dependence between X and Y changes with p.

Exercise 1.10 (Gibbs Sampling from a Nonstandard Density). Suppose we
wish to generate a random sample from the joint density

fz,y) occ xze™ 271020 4 5 0, 4 > 0.

(a) Derive the full conditional densities f(z|y) and f(y|z).

(b) Construct a Gibbs sampler to generate 10,000 draws from the joint dis-
tribution f(x,y). Plot histograms of the marginal draws for x and y.
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Normal Linear Regression

The normal linear regression model is a fundamental building block in statis-
tics and econometrics. Many widely used nonlinear and multivariate models
can be viewed as extensions of this basic framework, so a clear understanding
of estimation and inference in the linear model is essential. This chapter de-
rives the likelihood under the normal linear regression, introduces two common
prior specifications, and shows how to carry out Bayesian inference using the
resulting posterior distributions—either in closed form or via Markov chain
Monte Carlo methods. These results provide the foundation for the more so-
phisticated Bayesian models developed in later chapters.

2.1 Normal Linear Regression and Its Likelihood

We begin by formally defining the normal linear regression model that will be
used throughout this chapter.

Definition 2.1 (Normal Linear Regression Model). A normal linear regres-
sion model is defined by

Yo = B1+xofo+ - F ey T, t=1,...,T,

where B1,...,Bk are regression coefficients, Tot,...,Tre are the regressors,
and the disturbances €1, ...,er are independent and identically distributed as
N(0,0%). Equivalently, in matriz notation,

y=XB+te,

where'y = (y1,...,yr), B = (61,...,0k)", X is the T X k regressor matriz
with tth row (1,29, ..., 2x), and (€| 02) ~ N(0r,0%Ir).

Throughout, the regressor matrix X is treated as known and is therefore
suppressed from the conditioning set to simplify notation. For example, we
write the likelihood as p(y |3, 02) rather than p(y | X, 3,02), and adopt the
same convention for the posterior and predictive densities.

21
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Under the normal linear regression model in Definition 2.1, y is an affine
transformation of € and therefore follows a multivariate normal distribution
(see, e.g., Theorem 3.6 in Chan and Kroese, 2025). In particular,

(y]8,0%) ~ N(XB,o’Ir).

Applying the multivariate normal density formula (see Appendix A) yields
the likelihood function for the normal linear regression model:

p(y | B,0%) = (2m0?) " T/2e" 77 VXO) (v=XB), (2.1)

This likelihood, together with a prior specification for (3, ?), fully character-
izes the Bayesian linear regression model.

To complete the model specification, prior distributions are assigned to
the parameters 3 and o2. In the normal linear regression model, two prior
formulations are particularly common: the natural conjugate prior and the
independent normal and inverse-gamma prior.

2.2 Natural Conjugate Prior

This section introduces the natural conjugate prior for the normal linear re-
gression model. This prior is the benchmark in Bayesian regression analysis:
it yields closed-form posterior and predictive distributions and is the point of
departure for the more flexible prior specifications discussed later.

2.2.1 Prior Specification

We begin by describing the natural conjugate prior for the normal linear
regression model and its connection to the normal-inverse-gamma distribution,
along with guidance on hyperparameter interpretation. The natural conjugate
prior is a joint distribution for (3,0?) and is most conveniently expressed in
terms of the normal-inverse-gamma distribution.

The normal-inverse-gamma distribution can be defined hierarchically as
follows. Let w be an n x 1 random vector and let s be a positive random vari-
able. Conditional on s, w is normally distributed with mean p and covariance
matrix s¥, and marginally s follows an inverse-gamma distribution ZG(«, ().
We write (w,s) ~ NZG(u, X, a, 3). The corresponding joint density is given
in Appendix A.

In the context of the normal linear regression model, the natural conjugate
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prior for (3,0?) is obtained by specifying (3 |0?) ~ N(Bo,0°Vg) and 02 ~
ZG(vo, So), or equivalently, (8,02) ~ NZG(Bo, Vg, 0, S0)-

The normal-inverse-gamma, prior is parameterized by four hyperparame-
ters, namely B, Vg, 19, and Sy. Below we describe a common approach to
eliciting these hyperparameters.

We begin by choosing a small value for vy (for example, vy = 3), which
yields a large prior variance for o2 and thus a relatively diffuse prior on the
error variance. Conditional on vy, the scale parameter Sy is then selected to
match a desired prior mean of o2 via E(c?) = So/(vg — 1) for vo > 1, or
equivalently So = (19 — 1)E(0?).

Next, the prior mean 3y is specified to reflect prior beliefs about the regres-
sion coefficients. In many applications, setting By = 0y provides a reasonable
default choice. Finally, the matrix Vg governs the prior dispersion of 3 rel-
ative to the error variance 0. Since the ith diagonal element of Vg can be
interpreted as the prior variance of 3; scaled by 0%, Vg is often taken to be
diagonal with large diagonal elements, reflecting weak prior information about
individual coefficients.

The hyperparameters need not be fixed by judgment alone. They can be
assigned their own priors and estimated jointly with the model parameters,
leading to the hierarchical priors of Chapter 7; they can be chosen to maximize
the marginal likelihood, as done for the shrinkage hyperparameters of the
vector autoregressions in Chapters 12 and 14; or they can be selected on
predictive grounds, using cross-validation-based criteria of the kind discussed
in Chapter 5.

2.2.2 Posterior Analysis under Conjugacy

The normal-inverse-gamma prior leads to closed-form posterior updating in
the normal linear regression model. The following theorem characterizes the
resulting joint posterior distribution of (3, 02) and provides the basis for both
analytical inference and efficient posterior sampling.

Theorem 2.1 (Normal-Inverse-Gamma Conjugacy). Consider the nor-
mal linear regression model with likelihood given in (2.1) and suppose
the prior distribution for (3, 0?) is normal-inverse-gamma,

(/870-2> ~ NIQ(,@O,Vﬁ, o, SO)

Then the posterior distribution of (3, ?) is also normal-inverse-gamma,

(8,02 |y) ~ NIG(B,Dg, 7, 5),
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where U = vy + T'/2,
Dg= (V5! +X'X)7', B=Dg(V;'6o+X'y),

and
§=5+1(y'y+8V5'6— BD;'B).

The derivation below is algebraically involved but worth working through
carefully: the conjugate results it establishes are used repeatedly in later
chapters—in model comparison, in efficient computation for high-dimensional
settings, and in trans-dimensional algorithms for exploring model space.

Proof. To verify conjugacy, we derive the posterior distribution by combining
the likelihood and prior kernels and completing the square in 3 (see Ap-
pendix B.4). Although the algebra is involved, the derivation highlights the
key mechanism underlying conjugacy in the linear regression model—namely,
the quadratic structure induced by Gaussian assumptions.

Step 1: Combine the likelihood and prior kernels. Combining the normal
likelihood in (2.1) with the normal-inverse-gamma prior gives the unnormal-
ized posterior density

(8,0 |y) < p(B,0°) p(y | B, 0%)
1 7 —1
. (0.2)_(V0+1+k/2)eiﬂ% |:SO+§(/@7ﬁU) VB (Bfﬁﬂ)

x (02)"T/2e 3,2 (Y= XB) (y=XB)

—~ _a 1
(g2 Frisbrn 5300 (22)

where U = vy + T/2 and
Q(B) = (B—B0)V5'(B— o) + (y —XB) (y — XB).

To establish conjugacy, it suffices to show that Q(83) can be written as a single
quadratic form centered at a posterior mean.

Step 2: Fxpand and collect quadratic terms in (3. First expand the likeli-
hood quadratic form:

(y—XB8)'(y —XB) =8'X'X3-28X'y +y'y, (23)

where we use the fact that y’X3 is a scalar and hence equals its transpose.
Next expand the prior quadratic form:

(B—PB0)Vg'(B—B0)=BVs'8-28V5'B0+B,Vs' 8o (2.4)
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Collecting terms yields

QB) = B(V5' +X'X)B—28/(V5' By + X'y) +¥'y + ByV5'Bo.  (25)
Step 3: Complete the square. Define
Dg=(V5' +X'X)™', B=Dg(V5'Bo+Xy).
Adding and subtracting ,@’Dalﬁ in (2.5) gives

QB) =(B-B)Ds (B-B)+Yy'y+B,Vs'Bo— BDy'B. (2.6)
Substituting (2.6) into (2.2) yields

CCuransy — §+l(ﬁ*§)’D’1(ﬁfﬁ)]
(8.0%Iy) o (o) Trihra (SO DI,

)

where R R R
S =80+ (y'y+8iVs'8 - BD5'B).

Comparing this kernel with the normal-inverse-gamma density in Appendix A
establishes that R R
(/6702 | y) ~ NIg(ﬁ7Dﬂa /V\a S))

which completes the proof. O

The conjugacy result provides explicit expressions for the posterior hyper-
parameters (3,Dg, 7, S). Each has a natural interpretation in terms of how
prior information and sample evidence are combined.

The vector ,@ is the posterior mean of the regression coefficients. When X’'X
is invertible, it can be interpreted as a precision-weighted average of the prior
mean By and the ordinary least squares (OLS) estimator (X'X)~!X'y, with
weights determined by the prior precision Vgl and the data precision X’X. As
the sample size increases, the likelihood becomes increasingly informative and
B converges to the least squares estimator. In contrast, in small samples or
when the regressors are weakly informative, the prior exerts a more substantial
influence on B. If X'X is singular, the least squares estimator is not uniquely
defined, but the posterior mean 3 remains well defined provided V g is positive
definite. In this case, the prior regularizes the problem and ensures a proper
posterior distribution.

The matrix Dg = (VE1 + X’X)~! governs the posterior dispersion of the
regression coefficients conditional on ¢2: the conditional posterior covariance
of B is 0?Dg, while the marginal posterior covariance, obtained after integrat-
ing out o2, differs from Dg. It can be interpreted as the posterior analogue of
a covariance matrix scaled by the error variance, reflecting both prior uncer-
tainty and the information content of the regressors. Multicollinearity in X
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or weak prior precision translates directly into increased posterior uncertainty
through this matrix.

The scalar hyperparameter U = vy +7'/2 is an effective degrees-of-freedom
parameter for the error variance. Each additional observation contributes one-
half degree of freedom, so U grows linearly with the sample size, leading to
increasing concentration of the posterior distribution of 2.

Finally, the scale parameter S combines the prior scale Sy with information
from the data. It can be equivalently expressed as (see Exercise 2.2):

S =S+ 4|y =XB)(y —XB) + (B—Bo)' V5" (B o).

which shows that S depends both on the overall fit of the model, as measured
by the residual sum of squares, and on the discrepancy between the prior
mean By and the posterior mean 3. The second term makes explicit how prior
misspecification is penalized in the posterior distribution of o2.

The conjugacy result in Theorem 2.1 immediately delivers several use-
ful consequences. Because the posterior distribution of (3,02) is available in
closed form, one can integrate out components of the parameter vector ana-
lytically. In particular, marginalizing over o2 yields Student-¢ distributions for
both the regression coefficients and future observations, while integrating over
all parameters produces a closed-form expression for the marginal likelihood.
These results are summarized in the following corollaries.

Corollary 2.1 (Marginal Posterior Distribution of 3). Suppose that the
joint posterior distribution of (3, 0?) is

(8,0%|y) ~ NIG(B,Dg,7,5).

Then the marginal posterior distribution of 3 is multivariate Student-t,
~ S

The proof of Corollary 2.1 is left as an exercise. It follows by integrating
out 02 from the joint normal-inverse-gamma posterior distribution of (3, c?).

Corollary 2.2 (Marginal Likelihood under the Natural Conjugate
Prior). Consider the normal linear regression model with likelihood given
in (2.1) and suppose the prior distribution for (3, 0?) is normal-inverse-
gamma,

(/870-2> ~ NIQ(,@O,Vﬁ, o, SO)
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Then the marginal likelihood admits the closed-form expression

_ _ L) S5°
— (27 T/2V 1/2D 1/2 ~\Y) ,\q\,
p(y) = @m) = EIVel = IDsl 5 S

where 7, Dg, and S are given in Theorem 2.1.

A proof of Corollary 2.2 is left as an exercise. The key idea is to combine
Theorem 2.1 with Bayes’ theorem to express the marginal likelihood as a ratio
of normalizing constants.

Corollary 2.3 (Posterior Predictive Distribution). Consider the normal
linear regression model with likelihood given in (2.1) and prior

(/6702) ~ NIQ(BOaVﬂa o, SO)

Let (3,02 |y) ~ NIQ(,@, Dg, 7, §), where (7, B, Dg, §) are given in The-
orem 2.1. For a new regressor vector x7.1, the posterior predictive dis-
tribution of yp41 is Student-,

)| W)

(Z/T+1 |y, XT+1) ~ 7'2; (X/T+15> (1 + X/T+1D,3XT+1)> .

Proof. By Theorem 2.1, the joint posterior distribution of (3, 0?) is normal-
inverse-gamma,

(8.0° |y) ~ NIG(B,Dg, 7, S).

It follows immediately from the hierarchical representation of the normal-
inverse-gamma distribution that the conditional posterior distributions are

(Blo?y) ~N(B,0°Dg), (d2|y) ~IG(,5).

From the regression model,

Yr+1 = X/T+1ﬂ +ery1, (e |02) ~ N(OyUz),

and hence, conditional on (02,y), yry1 is a linear combination of normal
random variables. Marginalizing over (3 |0?,y) yields

(yr1 10 y) ~ N (X/T+1§7 02(1 +X/T+1D,8XT+1)) .

Combining this conditional normal distribution with (¢2|y) ~ ZG(7, S)
shows that

(yri1,0%|y) ~ NIG (X/TH@ 1+x71Dpxr41,7, §) .
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Applying Corollary 2.1 then gives the stated Student-t posterior predictive
distribution,

W)

(Y141 |y, XT41) ~ 7;3 (X/T-i-lﬁa 5(1 + X/T-i-lDﬁXT+1)> .

2.2.3 Application: Forecasting PCE Inflation

To illustrate how conjugate Bayesian regression extends to time-series settings,
we consider a simple autoregressive model written in normal linear regression
form with lagged regressors. Using quarterly US PCE inflation over the sample
period 1960Q1-2019Q4, we estimate an AR(2) model under a normal-inverse-
gamma prior and construct a one-step-ahead posterior predictive distribution
for inflation in 2020Q1.

Definition 2.2 (Autoregressive Model of Order p). A univariate time series
{ys}L_; follows an autoregressive model of order p, denoted AR(p), if

Ye =P+ Boyr—1+ -+ Bpriyi—p t e, (1| 0%) ~ N(0,0?),

fort=1,...,T, where the presample observations yo,...,y1—p are treated as
fized initial conditions.

The AR(p) model can be written in the normal linear regression form of
Definition 2.1 by constructing the regressor matrix from lagged values of y;.
For simplicity, we set p = 2 (and hence k = 3) and adopt the normal-inverse-
gamma prior for (3,02).

The hyperparameters are chosen so that the normal-inverse-gamma prior
is weakly informative. The prior mean of the regression coefficients is set to
Bo = 0y, while the prior covariance matrix is Vg = 100- I}, implying that the
prior variances of the coefficients are large relative to the error variance o2.
For the error variance, we set vy = 4 and Sy = 1, which results in an inverse-
gamma prior with finite mean E(0?) = Sy/(1p — 1) = 1/3 and relatively large
dispersion.

Using the posterior distribution implied by conjugacy, we compute the
one-step-ahead posterior predictive density for US PCE inflation in 2020Q1.
The script 1linreg NIG_predictive.m loads the dataset USPCE.csv and im-
plements the closed-form posterior and predictive calculations implied by the
normal-inverse-gamma prior for the linear regression model.

We make a few comments on the implementation. First, the autoregres-
sive model is cast explicitly as a normal linear regression by constructing the
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regressor matrix from lagged inflation, with the first four observations treated
as presample values. Second, all posterior quantities, including the predictive
density, are computed analytically using closed-form expressions implied by
conjugacy, with no reliance on Monte Carlo methods. Third, the predictive
distribution is Student-t rather than Gaussian, reflecting uncertainty about
both the regression coefficients and the error variance. This feature is evident
in the scale term 1+x7., ;Dgxr41, which inflates the predictive variance rela-
tive to a plug-in forecast that conditions on point estimates of the parameters.

% load data

data = readmatrix(’USPCE.csv’, ’Range’, ’B2:B241°’);
yO = data(1:4); 7 initial conditions: [y_{-3},...,y_0]
y = data(b:end); 7 sample used for estimation

T = size(y,1);

/% regressors for AR(2): [1,y_A{t-1},y_A{t-2}]
xlagl = [y0(4); y(1:end-1)1;

xlag2 = [y0(3:4); y(l1:end-2)];

X = [ones(T,1), xlagl, xlag2];

k size(X,2); % number of regressors

% prior hyperparameters (normal -inverse-gamma)

beta0 = zeros(k,1); /% prior mean

iVbeta = speye(k)/100; /% prior precision

nu0 = 4; % prior degrees of freedom
SO = 1; % prior scale

/% Posterior hyperparameters
Dbeta = (iVbeta + X’*X)\speye(k); % tinverse computed via \
beta_hat = Dbeta*(iVbeta*betal + X’xy);
S_hat = SO + (y’*y + betaO’*iVbetax*betal
- beta_hat ’*(Dbetal\beta_hat))/2;
nu_hat = nu0 + T/2;

% Posterior predictive density for y_{T+1}
xTpl = [1; y(end); y(end-1)]1; 7 regressor wvector at T+1
ygrid = linspace(-3,8,500); % evaluation grid
fy = tpdfLS(ygrid, xTpl’*beta_hat,
S_hat/nu_hat*(1 + xTpl’*Dbeta*xTpl) ,2*nu_hat);

Listing 2.1: Posterior predictive density under the normal-inverse-gamma prior
(linreg NIG_predictive.m).

In the implementation, the posterior covariance matrix Dg = (Vgl +
X’'X)~! is computed using the backslash operator in MATLAB, which avoids
explicit matrix inversion and improves numerical stability. Specifically, the
expression (iVbeta + X’#*X)\speye (k) computes Dg by solving

(Vg' +X'X)Dg = Iy,

where speye (k) denotes the k x k sparse identity matrix.
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To evaluate the posterior predictive density, we use a small utility function
tpdfLS.m that computes the univariate Student-t density in location-scale
form, evaluating the predictive density implied by Corollary 2.3 on a grid of
candidate values. The implementation avoids MATLAB’s built-in tpdf, which
is defined for standardized Student-t variables. The function is available on
the companion website.

The posterior means of the first- and second-lag autoregressive coefficients
are 0.673 and 0.186, respectively, indicating a fairly persistent inflation pro-
cess. Figure 2.1 displays the posterior predictive density for 2020Q1. The pos-
terior predictive mean is x7., ;3 = 1.69. The realized inflation rate of 1.39 lies
at the 41.5th percentile of the posterior predictive distribution. This outcome
falls well within the central region of the predictive distribution and therefore
does not represent an unusually large forecast error. In particular, the predic-
tive density assigns substantial probability mass to values close to the realized
outcome.

03 1
025
021

0.15

p(yrs1 | ¥y Xr41)

0.1

0.05 -

Yr+1

FIGURE 2.1: Posterior predictive density for US PCE inflation in 2020Q1
under an AR(2) model with a normal-inverse-gamma prior. The solid line
shows the Student-t predictive density, while the dashed vertical line marks
the realized inflation rate yry; = 1.39.

2.3 Independent Normal and Inverse-Gamma Prior

The second common joint prior for (3, 0?) is often called the independent nor-
mal and inverse-gamma prior, reflecting the assumption of prior independence
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between B and o2:
p(B,0%) = p(B)p(c?).

Specifically, we assume B ~ N(Bo, Vg) and 0 ~ ZG(vy, Sp) with prior den-
sities

p(B) = (2m) 5 [Vg| 2o BB Va (B-Po), (2.8)
Sp° —( _S5
Po®) = ()T e (2.9)

Unlike the natural conjugate prior, this specification does not give a pos-
terior distribution of standard form. As a result, posterior inference is carried
out using simulation methods, most commonly a Gibbs sampler. Despite this
loss of analytical tractability, the independent prior is often preferred in more
elaborate models, such as those discussed in Chapter 3, because it decou-
ples prior beliefs about the regression coefficients and the error variance and
integrates more naturally into hierarchical and shrinkage frameworks.

2.3.1 Gibbs Sampler for the Independent Prior

We now derive a Gibbs sampler for the normal linear regression model with
likelihood given in (2.1) and independent prior distributions in (2.8)-(2.9).
The sampler is based on alternately drawing from the two full conditional
distributions p(3|y,0?) and p(c? |y, 3), both of which take standard forms.

First, we derive the conditional density of 3 given y and 2. Ignoring terms
that do not depend on 3, we have

p(Bly, %) <ply|B,0%)p(B)p(c?)
x e~ 7 (V=XB) (y=XB) o ,—3(B—B0)' V' (B-Bo)
Expanding the quadratic forms as in (2.3)-(2.4) yields
DBy, 0?) x e HEVEB2VG80) o (st (9K X2 X'y)
= o318 (Vo +5 X' X)B-26' (V5 Bt 25 Xy)] (2.10)

Because the exponent is quadratic in 3, the conditional posterior distribution
is multivariate normal:

(Bly,o) ~ N(3,Dp)
for some mean vector 3 and covariance matrix Dg.

One can obtain explicit expressions for ,@ and Dg by completing the square
in (2.10). Instead of repeating that algebra, we adopt a more direct and com-
putationally convenient approach below.
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To this end, recall that the kernel of a multivariate normal distribution
N(,B, Dg) is N
e_% (BIDEIB_QBIDEIB) )

This expression must coincide with the kernel in (2.10) for all 3 € R*. Equat-
ing the quadratic and linear terms in 3 therefore yields

-1
1 ~ 1
Dg = (Vﬁl + JQX’X) , B=Dg (Vﬁlﬂo + 02X'y> )

Next, using (2.1) and (2.9), we derive the conditional density p(c? |y, 3).
Since p(3) does not depend on o2, it can be ignored in the conditional kernel:

p(o?|y.B) < p(y|B.0°)p(c?)

o (02) F e X8 (v=XB) o (52)~(o+1) o~

- (0—2)*(%+VU+1)67712(SoJr%(nyB)'(nyﬁ)).

This is the kernel of an inverse-gamma density. Hence,

(0*13.8)~ 70 (0 + G50+ 5y - XB) (v - X))

Having derived the two full conditional distributions required for the Gibbs
sampler, we now briefly comment on their practical implementation.

Although one may rely on built-in routines such as mvnrnd in MATLAB
to sample from a multivariate normal distribution A (u,X), it is useful to
recall how such draws can be generated directly from independent standard
normal variables, as summarized in Algorithm 2.1. This construction clarifies
the mechanics of multivariate simulation and will be employed in later chapters
when custom sampling steps are required. The Cholesky factorization on which
it relies is reviewed in Appendix B.3.

Algorithm 2.1 Sampling from a Multivariate Normal Distribution

Input: Mean vector p € R™ covariance matrix ¥ € R™ ™ number of
draws R.

1. Compute the Cholesky factorization X = CC’, where C is lower triangu-
lar.

2. For r =1,..., R, repeat:

(a) Draw z(") ~ N (0,,1L,).
(b) Set u” = p + Cz(").

3. Return the draws {u(™}2 .
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The dominant computational cost in Algorithm 2.1 is the Cholesky fac-
torization of the covariance matrix 3, which requires O(n?) operations for a
dense n x m matrix. This factorization is performed once, after which each
draw requires O(n?) operations to compute Cz("). When many draws are
needed, the one-time cost of the Cholesky decomposition is amortized across
iterations.

Algorithm 2.1 also presumes direct access to the covariance matrix X. In
many regression and time-series models, however, the natural quantity is the
precision matriz X', which arises directly from Gaussian likelihoods and
prior specifications. Obtaining X therefore implicitly requires solving a linear
system or forming an inverse of the precision matrix, an operation that is
costly and can be numerically unstable.

In the Gibbs sampler for the linear regression model, 3 corresponds to
the conditional covariance matrix Dg, whose dimension equals the number
of regression coefficients. For moderate k, this step is inexpensive. In high-
dimensional regressions, however, forming Dg and computing its Cholesky
factorization can become a computational bottleneck. In such settings, it is
more efficient to work directly with the precision matrix Dgl, exploiting struc-
tural features such as sparsity and bandedness. Such precision-based samplers
reappear in later chapters, in the context of high-dimensional regression and
state space models.

Applying the general Gibbs sampler described in Algorithm 1.1 in Chap-
ter 1, the Gibbs sampler for the linear regression model with the independent
normal and inverse-gamma prior proceeds as follows. Choose initial values
B = ay and 629 = by > 0. Then, for r = 1,..., R, iterate:

1. Draw B ~ p(B|y,o?"=D) (multivariate normal), using Algorithm 2.1.

2. Draw 02(") ~ p(o? |y, B()) (inverse-gamma).

2.3.2 Application: Forecasting PCE Inflation with Indepen-
dent Prior

To illustrate the linear regression under the independent normal and inverse-
gamma prior, we revisit the PCE inflation forecasting exercise of Section 2.2.3.
The data, autoregressive specification, and forecasting objective are un-
changed, allowing a direct comparison between analytical inference under the
natural conjugate prior and simulation-based inference under the independent
prior. With comparable diffuse hyperparameters, simulation-based inference
under the independent prior should closely match the closed-form conjugate
results. The exercise therefore serves mainly to validate the Gibbs sampler
before applying it in settings where closed-form posteriors and predictive dis-
tributions are unavailable.
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Specifically, quarterly US PCE inflation over the sample period 1960Q1-
2019Q4 is modeled using an AR(2) specification,

Y = B + Boyi—1 + BaYi—2 +e1, (1] 0?) ~ N(0,0?),

which can be written in the normal linear regression form of Definition 2.1. We
adopt independent prior distributions, 8 ~ N (8o, Vg) and o2 ~ ZG(vo, So),
with hyperparameters chosen to align as closely as possible with those used
in the natural conjugate prior case.

In particular, the prior mean is set to By = 0 and the prior covariance
matrix is taken to be Vg = 100 - I, reflecting weak prior information about
the regression coefficients. Unlike the natural conjugate prior, however, Vg
here represents the unconditional prior covariance of 8 and does not scale
with the error variance 0. As a result, the same numerical choice of Vg has
a different interpretation than in the normal-inverse-gamma prior, where Vg
governs dispersion relative to ¢2. Finally, we set 1y = 4 and Sy = 1, matching
the inverse-gamma prior used in the conjugate analysis.

In contrast to the normal-inverse-gamma prior, this specification breaks
joint conjugacy. Nevertheless, the conditional posterior distributions remain
standard: conditional on o2, the regression coefficients follow a multivariate
normal distribution, while conditional on 3, the error variance follows an
inverse-gamma, distribution. Posterior inference can therefore be conducted
using a Gibbs sampler, as derived in the last section. After discarding an
initial burn-in period, the resulting draws {(,8(’“), 02(7'))}f:1 provide a Monte
Carlo approximation to the joint posterior distribution.

The one-step-ahead posterior predictive density can be approximated by
evaluating the conditional predictive density on a grid and averaging over
posterior draws. Specifically, given each draw (B8("),%(), the conditional
predictive density is Gaussian

p(yr+1 |8, 0¥ y) = far (yTH; X/T+1ﬁ(r)vo2(r)) ’
so that

R
1
pyri1ly) = = E In (yTH; X/T+15(T)702(T)> ~
r=1

Evaluating this expression on a grid yields a smooth approximation to the
posterior predictive density without requiring kernel smoothing of simulated
outcomes.

The script linreg indep_predictive.m implements the Gibbs sampler
described in Section 2.3.1, drawing iteratively from the conditional posterior
distributions of 3 and ¢? and constructing the predictive density by averaging
conditional Gaussian forecasts across posterior draws.
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nsim = 20000; burnin = 1000;

% load data

data = readmatrix(’USPCE.csv’, ’Range’, ’B2:B241°’);

yO = data(1:4); % initial conditions: [y_{-3},y_{-2},y_{-1},y_0]
y data(5:end); /% sample used for estimation

T size(y,1);

/% regressors for AR(2): [1, y_{t-1}, y_{t-2}]
xlagl = [y0(4); y(1:end-1)1;

xlag2 = [y0(3:4); y(l:end-2)];

X = [ones(T,1), xlagl, xlag2];

k = size(X,2); % mumber of regressors

% prior hyperparameters (indep normal and inverse-gamma)
betal0 = zeros(k,1);

iVbeta = 1/100xspeye(k); % prior precision of beta
nu0 = 4;
SO =1;

/% one-step-ahead regressor wector (T+1)
xTpl = [1; y(end); y(end-1)1];

y_obs = 1.39;

ygrid = linspace(-3,8,300)°;

4 initialize chain
beta = (X’*X)\(X’*y);
e =y - Xxbeta;
sig2 = (e’*e)/T;

store_theta = zeros(nsim, k+1); % [beta’ sig2]
store_fy = zeros(size(ygrid)); / store only the sum

% Gibbs sampler

for isim = 1:nsim + burnin
% sample beta
Dbeta = (iVbeta + X’*X/sig2)\speye(k);
beta_hat = Dbeta*(iVbetax*betal + X’*y/sig2);
C = chol(Dbeta,’lower’);
beta = beta_hat + Cxrandn(k,1);

/% sample sig2
e = y - Xxbeta;
sig2 = 1/gamrnd(nu0 + T/2, 1/(S0 + 0.5*(e’*e)));

if isim > burnin
isave = isim - burnin;
store_theta(isave,:) = [beta’ sig2];

% store one-step-ahead predictive density
mul = xTpl’*beta;
s2_1 = sig2;
fy = normpdf (ygrid, mul, sqrt(s2_1));
store_fy = store_fy + fy;
end
end
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/% posterior summaries

theta_mean = mean(store_theta,1);
theta_CI = quantile(store_theta,[.025 .975],1);
fy_hat = store_fy/nsim; J averaged posterior predictive density

Listing 2.2: Posterior predictive density under the independent normal and
inverse-gamma prior (linreg indep_predictive.m).

When the hyperparameters are chosen to align closely with those used
under the natural conjugate prior, the posterior predictive density obtained
via Gibbs sampling under the independent prior is nearly indistinguishable
from the closed-form Student-t predictive density derived in Section 2.2.3.
In effect, the Student-¢ predictive density is approximated here by averaging
conditional Gaussian predictive densities over posterior draws of (3, 02). This
averaging over uncertainty in the error variance produces heavier tails than a
plug-in Gaussian forecast. As a result, the predictive distribution for 2020Q1
looks essentially the same as Figure 2.1, and we omit a duplicate plot. This
representation—viewing a non-Gaussian predictive density as an average of
Gaussian densities with respect to a mixing distribution—will reappear in a
more general form in later chapters.

The posterior means of the first- and second-lag autoregressive coefficients
are 0.673 and 0.186, respectively, which are virtually identical to those under
the natural conjugate prior. The posterior predictive mean is 1.69, and the
realized inflation rate of 1.39 lies at the 41.6th percentile of the predictive
distribution, matching the conjugate analysis up to Monte Carlo error.

Under the independent prior, all inference, including prediction, is
carried out via simulation. The same approach applies when conju-
gacy is unavailable—for example, in hierarchical, shrinkage, or nonlinear
specifications—and it is the template for the Bayesian computation developed
in later chapters.

2.4 Further Reading

Bayesian linear regression and conjugate analysis are classic topics with a well-
developed literature. The foundational monograph of Zellner (1971) provides
the original and most systematic treatment of the natural conjugate prior and
its implications for inference, prediction, and model comparison.

Modern textbook treatments include Gelman et al. (2013), a standard
reference on Bayesian data analysis that covers posterior simulation and hier-
archical modeling, and Koop (2003), a comprehensive Bayesian econometrics
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text with applications to regression, panel data, discrete choice, and time-
series models.

Chan et al. (2019) adopt a complementary, problem-driven approach. Their
textbook is organized around worked examples and exercises that guide read-
ers through the derivation and implementation of standard Bayesian models,
including the normal linear regression model discussed in this chapter.

Exercises

Exercise 2.1 (Normal-Inverse-Gamma Density). Suppose s ~ ZG(«, 3) and
(w]s) ~N(u,sX), ie., (w,s) ~ NIG(u, X, a, B). Verify that the joint den-
sity of (w,s) is given by

Fw 53130, B) = (2m)~H (5|73 L gt/ [ (v = )],

I'(«)

Exercise 2.2 (Equivalent Forms of the Posterior Scale). Using the definitions
in Theorem 2.1, show that the posterior scale parameter S can be written
equivalently as

S = S0+ 5| (v =XB)(y = XB) + (B— Bo)' V5" (B o).

Hint: Use the definitions of ,@ and Dg and expand the quadratic forms.

Exercise 2.3 (Student-t Marginal for 3). Verify Corollary 2.1 by integrating
out 02 from the joint normal-inverse-gamma posterior distribution of (3, o).

Exercise 2.4 (Marginal Likelihood under Conjugacy). Using Theorem 2.1
and Corollary 2.2, derive the closed-form expression for the marginal likelihood
p(y) under the natural conjugate prior. Hint: Start from Bayes’ theorem,

p(B,°)p(y|B,0°)
p(y)

p(B,0%|y) = :
and evaluate the ratio of normalizing constants by substituting the prior,
likelihood, and posterior normal-inverse-gamma densities. The identity holds
for any (8,02), so it is convenient to evaluate it at 3 = 3, at which point
both the quadratic form in B and the powers of o2 cancel.

Exercise 2.5 (Noninformative Prior and the Classical OLS Connection).
Consider the normal linear regression model with likelihood (2.1) under the
improper prior p(3,0%) «x 1/02, with X of full column rank and T' > k. Let

Bors = (X'X)"'X'y and RSS = (y — XBors)'(y — XBors)-
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(a) Show that (8,02|y) ~ NZG(Bors,(X'X)"!, Ik BSS)  and hence
(B1y) ~ Tr—i(Bors, s*(X'X) 1) with s> = RSS/(T — k).

(b) Conclude that the credible intervals for 3; coincide with the usual classical
confidence intervals, and explain why the degrees of freedom are T — k
rather than the 20 of the proper conjugate prior.

Exercise 2.6 (Gibbs versus Conjugate Inference). Replicate the application
in Section 2.2.3 using a Gibbs sampler rather than the closed-form normal-
inverse-gamma formulas.

(a) Using the same AR(2) specification and the same natural conjugate
normal-inverse-gamma prior, implement a Gibbs sampler for (3, 0?).

(b) Use the simulated draws to estimate the posterior means of 3 and o2,
and compare them with the analytical posterior means implied by Theo-
rem 2.1.

(c) Using the Gibbs output, simulate the one-step-ahead posterior predictive
distribution for 2020Q1 and compare its mean and predictive percentile
at yry1 = 1.39 with the closed-form Student-¢ predictive results.

Exercise 2.7 (Two-Step-Ahead Predictive Density). Extend the PCE fore-
casting application in Section 2.2.3 to compute the two-step-ahead posterior
predictive density for PCE inflation in 2020Q2 under the AR(2) model and
the normal-inverse-gamma prior.

(a) Show that, conditional on yr1 and the data y, the predictive distribution
of yryo is Student-t,

o~

~ 8
(Yr+2 lyrs1,y) ~ Typ (X/T+257 5 (1 + X/T+2D,@XT+2)> )

where x719 = (1, yr+1, yr) and (é, Dg, 7, §) are defined in Theorem 2.1.
Conditional on a realized or simulated value of yr1, the regressor vector
X742 is treated as fixed.

(b) Generate draws ygll ~pyr+1|y), r =1,..., R. For each draw, evaluate

the conditional density p(yri2 | ygil,y) on a grid of values for yr49, and
average across r to obtain a Monte Carlo approximation of the two-step-
ahead predictive density p(yri2|y)-

Exercise 2.8 (Ridge and Lasso as Bayesian MAP Estimators). Consider the
linear regression model

y:Xﬁ+€a

where y is T x 1, X is a T' x k matrix with full column rank and (e|o?) ~
N(07,0%I7), with 02 known.
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(a)

Ridge regression. The ridge estimator is defined as

k
Pridge = argmin | (y - XB) (y —XB)+ 2> B

j=1

Show that ridge regression can be interpreted as a Bayesian maximum a
posteriori (MAP) estimator by assuming the Gaussian prior

B ~ N (0, 7I).

Derive the posterior mode of p(3|y) and determine how - must relate to
A for the two estimators to coincide.

Lasso. The Lasso estimator is defined as

k
IBLasso = argénin (y - Xﬁ)/(y - X/@) + A Z Iﬁ]|

j=1

Show that the Lasso can be interpreted as a Bayesian MAP estimator
under independent Laplace (double-exponential) priors on the regression

coefficients:
k

p(8) =[] %efw/r,
j=1

Exercise 2.9 (Linear Regression with a g-Prior). Consider the linear regres-
sion model

(y | /6702) NN(X/Bagle)v

where X is a T' X k matrix with full column rank. Suppose the prior distri-
butions are p(c?) o 1/0? and (B|0?) ~ N(Bo,0?g(X'X)~1), where By and
g > 0 are known. Derive the joint posterior distribution p(3, 02 |y).

Exercise 2.10 (Gibbs Sampling under a g-Prior). Consider the linear regres-
sion model and prior specification in Exercise 2.9.

(a)
(b)

Derive the conditional posterior distributions p(3|02,y) and p(c?|3,y).

Using quarterly US PCE inflation data as in Section 2.2.3, estimate an
AR(2) model under the g-prior using a Gibbs sampler. Report the pos-
terior mean and posterior variance of o2, and compare them with the
corresponding quantities obtained under the normal-inverse-gamma prior.
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Linear Regression with General Errors

The linear regression model with independent Gaussian errors provides a con-
venient starting point for Bayesian inference, as it yields closed-form poste-
rior distributions and straightforward computation. Empirical macroeconomic
data, however, often display features that fall outside this setting, such as se-
rial correlation and excess kurtosis. This chapter extends the Bayesian regres-
sion model of Chapter 2 to accommodate such departures while preserving
a conditional structure that basic Markov chain Monte Carlo methods can
exploit.

3.1 Gaussian Likelihood with Structured Dependence

We considered in Chapter 2 the linear regression model
y=XB+e, (6‘0'2)N./\/(0T,0'2IT).

This specification assumes independent, homoskedastic, and Gaussian errors.
Empirical macroeconomic time series, however, often exhibit heavy-tailed dis-
turbances and serial correlation that violate this assumption. To accommodate
such departures within a tractable Gaussian framework, we assume

(€]6) ~ N (07, X)),

where Xy is a positive-definite T' x T' covariance matrix indexed by a parame-
ter vector 6. The standard linear regression model is recovered as the special
case Xg = o?Ip. Serial correlation is captured directly through off-diagonal
elements of 3g, whereas heavy-tailed errors are accommodated by a condition-
ally Gaussian representation in which ¥g is diagonal but observation-specific,
as developed in Section 3.2. For now, we leave the structure of 3¢ unspecified
and introduce concrete examples in the sections that follow.

Under this assumption, the joint distribution of the data satisfies

(Y|570) NN(X,B,ZQ),

41
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with likelihood function

p(y|B,0) = (21) T/2 || M2 2 XO B, (v XB), (3.1)

We do not require prior independence between 3 and 6. Instead, we specify
a conditional prior for 8 given 6 and assume (3]0) ~ N (B, Vg), where
the prior mean B3y and covariance matrix Vg may depend on 6. The prior
distribution for @ will be specified once a particular covariance structure is
imposed. Estimation proceeds via MCMC methods by iteratively sampling
from the conditional distributions p(3|y, @) and p(0|y,3). The following
result characterizes the conditional distribution of 3.

Theorem 3.1 (Conditional Posterior of Regression Coefficients). Under
the normal linear regression model with (g|8) ~ AN (07, Xg) and condi-
tional prior (3|6) ~ N(Bo, V), the conditional posterior distribution
of B given (y, ) is

(Bly,0) ~N(B,Dg),

where

1 -
Dj = (V;l n X’E;lx) , B=Dg (Vglﬁo + X’zgly) .

Proof. The result follows by combining the Gaussian likelihood in (3.1) with
the normal prior for 8 and completing the square in 8. The derivation is
identical to that in Section 2.3, except that o %Iy is replaced by E;l. O

The expressions in Theorem 3.1 involve the inverse of the 7' x T' covariance
matrix Xg. Direct inversion is computationally expensive when T is large. In
many empirically relevant models, however, either 3g or 251 has a band
matriz structure, meaning that its nonzero elements are confined to a small
number of diagonals (see Appendix B.2). Exploiting this sparsity can dramat-
ically reduce computational costs and is central to efficient implementation in
time-series applications.

3.2 Linear Regression with Student-t Errors

The first example we consider is a linear regression model with Student-t
errors. Relative to the normal distribution, the Student-t distribution ex-
hibits heavier tails and is therefore more robust to outliers and other forms
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of model misspecification. A large empirical literature has shown that mod-
els with heavier-tailed disturbances often provide a better fit to financial and
macroeconomic time series.

We assume that the regression errors {e;} are independently and identi-
cally distributed as 7,,(0,0?), where the Student-¢ distribution is defined in
Appendix A. Under this parameterization, o2 is a scale parameter rather than
the variance; when v > 2, the variance of &, is vo?/(v — 2). Under this as-
sumption, the likelihood function can be derived in a straightforward manner.
Unlike the Gaussian case, however, the posterior distribution of the regression
coefficients 3 is no longer normal, which complicates posterior sampling.

3.2.1 Latent-Variable Representation and Data Augmenta-
tion

To facilitate estimation, we exploit a latent-variable representation of the
Student-t distribution. The key idea is to introduce a set of latent variables
such that, conditional on these variables, the model reduces to a Gaussian
regression with heteroskedastic errors. This representation allows us to retain
simple conditional sampling steps within an MCMC algorithm. The approach
was first implemented in a Bayesian regression context by Geweke (1993).

Theorem 3.2 (Scale-Mixture Representation of the Student-t Distribu-
tion). Suppose

(e|N) ~N(0,X0?), A~IG(v/2,v/2).

Then the marginal distribution of ¢ is 7,,(0, 02).

The result in Theorem 3.2 follows by integrating out the latent scale pa-
rameter A from the joint density of (¢, ). A detailed derivation is provided in
Exercise 3.1.

This representation implies that a linear regression model with Student-t
errors can be estimated by applying Theorem 3.2 to each error separately: in-
troducing independent latent scale variables \s ~ ZG(v/2,v/2),t =1,...,T,
yields a conditionally Gaussian regression with observation-specific error vari-
ances. This is an instance of a general computational strategy known as data
augmentation, in which latent variables are introduced to simplify posterior
computation. We will encounter this strategy repeatedly in later chapters.

The latent variable A\; acts as an observation-specific scale factor: condi-
tional on ), the error is Gaussian with variance \;02, so a large )\, inflates the
variance of observation t¢. This lets the model accommodate occasional large
disturbances without letting them unduly influence the estimated regression
coefficients.
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3.2.2 Posterior Sampling with Known v

Using the latent-variable representation introduced above, a linear regression
with Student-¢ errors can be written as:

y =%, + &,

where x; = (1,Z9,...,7x) is the vector of covariates, (g;|\¢,02) ~
N(0,0%)\;) and Ny ~ ZG(v/2,v/2). Throughout this subsection, we assume
that the degrees-of-freedom parameter v is known.

We consider the following independent normal and inverse-gamma prior
on (B,0?):
ﬁNN(,Bo,VB), O'QNIQ(V(),S()).
Relative to the Gaussian linear regression model, the introduction of Student-
t errors adds an additional block of latent variables A = (Ay,..., A7)’ to the
parameter space.

Posterior simulation is carried out using a Gibbs sampler that iter-
atively draws from the following conditional distributions: p(83]|y,\,o?),

p(0? |y, B,A), and p(A |y, B,0?).

Conditional on (X, o?), the model can be written in vector form as
y=XB+e,

where (e|A,02) ~ N(0r,0%2A) and A = diag(A1,...,Ar). This falls within
the general framework developed in Section 3.1. Applying Theorem 3.1 with
3o = o2 A yields R

(B|y7)‘702) NN(/BvD,@)ﬂ (32)

where
D@— V61+71 X/A 1X 1 [\;—Dg \/31/3 +71 X/A 1y
0'2 ’ 0 0'2 ’

Here, A=! = diag(/\l_l,...,/\;l) is a diagonal—and hence sparse—matrix,
which is straightforward to construct computationally.

The update for 3 shows this downweighting concretely: its posterior pre-
cision depends on the weighted cross-product X’A~!'X, in which observations
with large \; receive smaller weights and therefore exert less influence on the
regression coefficients.

Next, conditional on (3, \), the variance parameter o2 follows an inverse-
gamma distribution:

1

(0*1.8.0) ~ 6 (1 + 550+ 3y~ XOYA (v - XB) )
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the derivation of which closely parallels that of Section 2.3.1 and is omitted.

Finally, we consider the conditional distribution of the latent scale vari-
ables. Although p(A |y, 3, 0?) is T-dimensional, the latent variables Ay, ..., A
are conditionally independent given the data and (3, 02). As a result, this step
reduces to sampling T independent univariate distributions.

Combining the likelihood contribution of observation ¢ with the prior A\; ~
ZG(v/2,v/2), we have

p(Aly,B,0%) xply|B, X, 0)p(A|v)

x [(277)%02)’%572*:02 e—x:8)* ()\t)_(gﬂ)efﬁ
t=1
T 7L< (yt—x;ﬁ)z)
(vt vl K 2
ocH ()\t)(2+1)e ¢ 7 ],
t=1 l

which corresponds to a product of inverse-gamma kernels. Therefore,

— 2
(At|Y7B702)NIg(V;1;;<V+W)), tzl,,T

Because \; is drawn from its conditional posterior, a large squared residual
(y: —x,8)? tends to produce a larger )\, which downweights that observation
in the next 3 update. Because A stays diagonal, this robustness comes at little
computational cost. Exercise 3.2 makes the mechanism precise by deriving the
expected precision weight E(\; ! |y, 3, 02), which shrinks toward zero as the
standardized residual grows.

The Gibbs sampler for the linear regression model with Student-¢ errors
and known v proceeds as follows. Choose initial values

BO, 200 AD S0 fort=1,...,T

A convenient choice is to initialize 3(?) at the ordinary least squares estimate,
set 02(9) equal to the corresponding residual variance, and take )\go) =1 for
all t. For r = 1,..., R, repeat the following steps:

1. Draw B8 ~ p(8|y, A1 o2(r=1)),
2. Draw JZ(T) ~ p(o’2 |y7/8(7')’ A(T‘—l)).

3. Draw AY) ~p\ |y, B, 020N t=1,... T

3.2.3 Posterior Sampling with Unknown v

In practice, the degrees-of-freedom parameter v is typically unknown and must
be estimated from the data. In this section, we treat v as an unknown param-
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eter and extend the Gibbs sampler accordingly. Specifically, estimation with
unknown v requires adding to the Gibbs sampler of the previous section a sin-
gle additional block that samples v conditional on the remaining parameters
and latent variables. Because all other conditional distributions are evaluated
given v, the remaining steps of the Gibbs sampler remain unchanged. This
modular structure is a key strength of MCMC methods: model extensions
can often be implemented by making only minor modifications to existing
algorithms.

To complete the model specification, we need to assign a prior distribution
to v. We adopt a uniform prior on the interval (2,7). The restriction v > 2
ensures that the variance of the Student-t error distribution exists. The upper
bound v is chosen to be sufficiently large—e.g., ¥ = 50—so that the Student-¢
distribution can closely approximate the normal distribution when supported
by the data.

Under this prior, the conditional density of v given the remaining quantities

is

p(v 1y, X, B8,0%) < p(X|v)p(v)

(| )
T

(v/2)
Uo7 w

2 ~(5+1) A
_ Vl///2 (HM) 67%2;:1)% (3'3)

for 2 < v < v, and 0 otherwise. The resulting conditional density is nonstan-
dard and does not correspond to a distribution from which direct simulation
is straightforward. Consequently, an additional numerical method is required
to sample v within the Gibbs sampler.

(SIS
+
—
~—
|

I

To this end, we introduce the inverse-transform method, which provides a
general approach for simulating a random variable from a specified cumulative
distribution function (cdf).

Algorithm 3.1 Inverse-Transform Method
Input: A cumulative distribution function F' of the target random variable.

1. Generate U ~ U(0,1).
2. Return a draw X defined by

_Jmin{z: F(z) > U}, if X is discrete,
| FY), if X is continuous.
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It is straightforward to verify that the random variable X = F~!(U) has
cdf F. In particular, for any x,

P(X <z)=P(F '(U)<2)=PU < F(x)) = /F(I) 1du = F(z),
0

which establishes the result.

Figure 3.1 illustrates the inverse-transform method for both discrete and
continuous distributions. In the left panel, the random variable takes values
on the finite support {1,2,...,6}, and the cdf is a step function that increases
at each integer value according to the associated probability mass. Given a
uniform draw U ~ U(0, 1), the inverse-transform method selects the smallest
integer z such that the cumulative probability F(z) exceeds U. In the right
panel, the random variable has a continuous distribution with a smooth cdf.
In this case, the same uniform draw is mapped to an outcome by evaluating
the inverse cdf at U, yielding a continuous-valued realization.

1 U=069,X=5 1 U = 0.696, X = 0.994
—1 |
0.8 0.8 :
06 06 '
3 1 5/ 1
~ 0.4 | ~ 04 |
1 1
0.2 | : 0.2 :
1 1
0 _s_l__‘—‘—l—‘; 0 1

2 4 6 0o 1 2 3 4 5

T T

FIGURE 3.1: Inverse-transform method for discrete and continuous distribu-
tions. The left panel shows a discrete cdf on {1,...,6}, where a draw is the
smallest value with cumulative probability exceeding a uniform draw. The
right panel shows a continuous cdf, where a draw is obtained by evaluating
the inverse cdf at the same uniform realization.

The inverse-transform method is particularly convenient when the target
distribution is discrete or when the cdf F' is available in closed form. In such
cases, simulation reduces to evaluating the inverse cdf at a single uniform
draw. When F' is not analytically invertible, however, numerical inversion is
required, which can substantially limit the practical usefulness of the method.

In many applications, the inverse-transform method is therefore difficult to
implement. As an alternative, the Griddy-Gibbs sampler (Ritter and Tanner,
1992) provides a practical approach for approximating draws from univariate
distributions with bounded support. The Griddy-Gibbs sampler can be viewed
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as a discretized version of the inverse-transform method and requires only the
evaluation of the target density, up to a normalizing constant.

Algorithm 3.2 Griddy-Gibbs Sampler
Input: An unnormalized density f(x) on (a,b) and a grid {z1,...,z,}.

1. Evaluate f(x;) on the grid and form the cumulative sums
Fi:Zf(mj), 221,,7L
j=1

2. Normalize so that F,, = 1.

3. Draw U ~ U(0,1) and return X = xy, where k = min{i : F; > U}.

The basic idea of the Griddy-Gibbs sampler is to approximate the cumu-
lative distribution function of a bounded univariate target density on a fine
grid and then apply the inverse-transform method to the resulting discrete
approximation.

The following MAaTLAB function griddy_gibbs.m implements a generic
Griddy-Gibbs step. It takes a function handle logf that evaluates the log
of an unnormalized target density, lower and upper bounds (a,b), and the
number of grid points n_grid, so it applies to any bounded univariate condi-
tional distribution known up to a normalizing constant.

To improve numerical stability, the log-density is shifted by its maximum
value before exponentiation, which avoids underflow or overflow when forming
the normalized weights.

function [x_draw, x_grid, logf_grid] =
griddy_gibbs (logf, a, b, n_grid)

% jittered grid to avoid repeated draws

step = (b - a) / (n_grid + 1);

x_grid = a + stepx(l:n_grid)’;

% add small jitter

x_grid = x_grid + (rand(n_grid,1) - 0.5)*step;
/% enforce strict bounds

x_grid = min(max(x_grid, a + eps), b - eps);

% evaluate logf on the grid and normalize
logf_grid = logf (x_grid);

w = exp(logf_grid - max(logf_grid));

w =w / sum(w); / mnormalize to sum to 1
cdf_grid = cumsum(w) ;

u = rand;

idx = find(cdf_grid >= u, 1, ’first’);




3.2. LINEAR REGRESSION WITH STUDENT-t ERRORS 49

x_draw = x_grid(idx);
end

Listing 3.1: Griddy-Gibbs sampler for a bounded univariate target
(griddy_gibbs.m).

Introducing a small amount of random jitter into the grid helps avoid
repeatedly drawing from the same fixed discrete support across MCMC iter-
ations. When the grid is sufficiently fine, the Griddy-Gibbs sampler typically
provides an accurate approximation to the desired conditional distribution.
Its main limitation is scalability: extending the approach beyond the univari-
ate case becomes infeasible because the number of grid points required for a
given level of accuracy grows exponentially with dimension. In such settings,
the Metropolis—Hastings algorithm, introduced in Section 3.3 and developed
further in Chapter 6, provides a general alternative.

To apply this generic routine to sample the degrees-of-freedom parameter
v, we define a wrapper function sample nu_griddy.m. This function constructs
the log kernel of the conditional density p(v|A) and calls griddy_gibbs.m
with support (2, 7).

function nu = sample_nu_griddy(lam, nu_ub, n_grid)
T = length(lam);

sum_loglam = sum(log(lam));

sum_ilam = sum(1./lam);

% log kernel of p(nu | lambda)
log_kernel = @(x) T*((x/2).*log(x/2) - gammaln(x/2))
- (x/2 + 1) * sum_loglam - (x/2) * sum_ilam;

nu = griddy_gibbs(log_kernel, 2, nu_ub, n_grid);
end

Listing 3.2: Griddy-Gibbs update for v wusing the generic sampler
(sample_nu_griddy.m).

We now turn to an empirical illustration that brings together the modeling
and computational tools developed in this section.

3.2.4 Application: Modeling PCE Inflation via an AR Model
with Student-¢{ Errors

To illustrate the practical value of allowing for Student-t disturbances, we
revisit the PCE inflation example previously analyzed under Gaussian errors
in Section 2.3.2. Using quarterly US PCE inflation over the sample period
1960Q1-2019Q4, we now estimate the same AR(2) specification but replace
the normal error assumption with a Student-¢ distribution. This comparison
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highlights how heavier-tailed disturbances alter inference in the presence of
large, infrequent shocks—an empirically relevant feature of inflation data.

Specifically, we consider the following AR(2) model with Student-t errors:

Yyr = P1 + Bayi—1 + Bayi—2 + €4,

where the disturbances admit the scale-mixture representation (g; | A\, 02) ~
N(0,\;0?) and (A |v) ~ ZG(v/2,v/2). Estimation is carried out using the
Gibbs sampler described earlier, with an additional Griddy-Gibbs step to
sample the degrees-of-freedom parameter v. The MATLAB script linreg t.m,
reported below, implements this algorithm. A key computational feature of
the implementation is that the inverse covariance or precision matrix

Sl =02A7 AT =diag(\ L 00,

is diagonal and therefore sparse. In the code, this structure is exploited by
constructing A~ using

ilam = sparse(1:T,1:T,1./lam);

which substantially reduces both memory usage and computational cost.

The code listing below implements the full Gibbs sampler and stores poste-
rior draws of the regression coefficients, variance, degrees-of-freedom parame-
ter, and latent scale variables. For brevity, the plotting commands are omitted
from the listing. The shaded 95% credible band for \; in Figure 3.2 is pro-
duced using the auxiliary MATLAB function shaded_band, which we reuse in
later chapters.

nsim = 20000; burnin = 1000;

% load data

data = readmatrix(’USPCE.csv’, ’Range’, ’B2:B241°);

yO = data(1:4); % initial conditions: [y_{-3},y_{-2},y_{-1},y_0]
y data(5:end); / sample used for estimation

T size(y,1);

% regressors for AR(2): [1, y_{t-1}, y_{t-2}]
xlagl = [y0(4); y(l:end-1)1];
xlag2 = [y0(3:4); y(1:end-2)1;

X = [ones(T,1), xlagl, xlag2];
k = size(X,2); /% number of regressors

% prior hyperparameters (indep normal and inverse-gamma)
betal0 = zeros(k,1);

iVbeta = 1/100*speye(k); /7 prior precision of beta
nu0 = 4;
S0 = 1;
nu_ub = 50; % prior upperbound of nu
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/4 initialize the Markov chain
nu = 5;

beta = (X’*X)\(X’*y);

sig2 = sum((y-Xxbeta). 2)/T;
lam = ones(T,1);

ilam = sparse(1:T,1:T,1./lam);

store_theta = zeros(msim,k+2); [ [beta’, sig2, nu]
store_lam = zeros(nsim,T);
n_grid = 500;

for isim = 1:nsim + burnin
/% sample beta
Dbeta = (iVbeta + X’xilam*X/sig2)\speye(k);
beta_hat = Dbetax*x(iVbeta*betal + X’*iLam*y/sig2);
C = chol(Dbeta,’lower’);
beta = beta_hat + C*randn(k,1);

% sample sig2
e = y - X*xbeta;
sig2 = 1/gamrnd (nu0+T/2,1/(S0 + e’*ilam*e/2));

% sample lam
lam = 1./gamrnd ((nu+l1)/2,2./(nute.”2/sig2));
ilam = sparse(1:T,1:T,1./lam);

% sample nu
nu = sample_nu_griddy(lam,nu_ub,n_grid);

% store the parameters
if isim > burnin
isave = isim - burnin;
store_theta(isave,:) = [beta’ sig2 nul;
store_lam(isave,:) = lam’;
end
end
% Posterior summaries
theta_mean = mean(store_theta,l);
theta_lo = quantile(store_theta,.025,1);
theta_hi = quantile(store_theta,.975,1);

Listing 3.3: Gibbs sampler for an AR(2) model with Student-t errors

(linreg t.m).

Using a sample of 20, 000 posterior draws, the posterior means of the first-
and second-lag autoregressive coefficients and the degrees-of-freedom param-
eter are estimated to be 0.662, 0.223, and 3.9, respectively. The left panel
of Figure 3.2 displays posterior draws of the degrees-of-freedom parameter v,
while the right panel plots the posterior mean of the latent scale A; together
with a pointwise 95% credible band on a logarithmic scale. As is evident from
the left panel, most of the posterior mass of v lies well below 10, indicating that
the error distribution exhibits substantially heavier tails than the Gaussian

distribution.
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The posterior means of the latent scale variables {)\;} indicate that, for
most quarters in the sample, inflation dynamics are well described by moder-
ately scaled Gaussian disturbances. The majority of the A\; values lie between
approximately 1 and 2.5, implying that typical observations receive weights
similar to those in a homoskedastic normal regression. This suggests that, out-
side of exceptional episodes, the AR(2) model captures the conditional mean
dynamics of inflation reasonably well, with only modest adjustments for tail
thickness.

At the same time, the estimated latent scales exhibit a small number of
pronounced spikes, with several quarters associated with very large values of
At. These spikes correspond to periods of unusually large disturbances, such
as the oil shocks and the Great Inflation of the 1970s, the Volcker disinflation,
and the Great Recession. The largest estimated A; is approximately 54, cor-
responding to 2008Q4, at the height of the recession. Under the scale-mixture
representation, these large \; downweight the corresponding observations in
the estimation of the regression coeflicients. This downweighting is entirely
data-driven: the model attenuates extreme observations without any ad hoc
outlier rules or break dummies.
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FIGURE 3.2: Posterior distribution of the degrees-of-freedom parameter v
and latent scale variables in an AR(2) model for US inflation with Student-¢
errors. The left panel shows the histogram of posterior draws of v. The right
panel plots the posterior mean of the latent scale \; together with a pointwise
95% credible band (log scale).

3.3 Linear Regression with Moving Average Errors

Thus far, we have assumed that the regression disturbances are serially in-
dependent. This assumption is frequently violated in macroeconomic and fi-
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nancial applications, where the disturbances exhibit serial correlation. This
section introduces a simple and widely used extension of the linear regression
model that accommodates such dependence through moving average errors.

3.3.1 Model Specification and Likelihood
Consider the linear regression model
Y = X8 + &1,
where the error process {e;} follows a moving average model of order one,
€ = Uy +Yuy_q. (3.4)

We impose the invertibility restriction |¢| < 1 and assume ug = 0 and {u;} is
iid V(0,0?). When 1 = 0, the model reduces to the standard linear regression
with independent errors. Hence, testing the hypothesis ) = 0 provides a direct
assessment of whether serial correlation is present in the disturbances.

This model fits naturally into the general framework introduced in Sec-
tion 3.1. To apply the results derived there, it suffices to characterize the joint
distribution of € = (e1,...,er)". We rewrite (3.4) in matrix form as

e=Hyu, (3.5)

where (u|o?) ~ N(07,0%Ir), and

10 0 -~ 0
v 1 0 -+ 0
H,— |0 ¢ 1 0
00 --- o 1

The matrix Hy can be written compactly as Hy, = Ir + ¥S;, where
S1 is the first-lag shift matrix with ones on the first subdiagonal and zeros
elsewhere. This shift-matrix representation recurs in later chapters, notably
in the state space models of Chapter 9.

Several computational features of this representation are worth emphasiz-
ing, as they will play an important role in later chapters. First, Hy is a lower
triangular 7' x T' matrix with ones on the main diagonal. As a result, its deter-
minant is equal to one, and the matrix is nonsingular for any finite . Second,
H, is a band matrix: its nonzero elements are confined to the main diagonal
and the first subdiagonal. This sparsity structure can be exploited to sub-
stantially reduce computational costs in likelihood evaluation and posterior
sampling.
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Although H;l exists, it is dense. In what follows, expressions may involve

H;l implicitly, but this inverse is never computed directly in practice. Instead,
all computations are carried out using the banded structure of H, itself.

It follows immediately from (3.5) that € is a linear transformation of a
normal random vector. Consequently, e itself is multivariate normal. We now
derive its mean vector and covariance matrix.

Since (u|o?) ~ N(0r,0%Ir), the mean of € is
Ee=HyEu=0r.
The covariance matrix is given by
Cov(e) = HyCov(u)H), = c°H,H,.

Because Hy, has nonzero elements only on the main diagonal and the first
subdiagonal, the covariance matrix 02H¢H;} is a tridiagonal matrix. This
structure implies that each error term is correlated only with its immediate
neighbors, reflecting the one-period dependence inherent in the MA(1) speci-
fication. It follows that the conditional distribution of the data is

(v1B8,0%,¢) ~ N (XB,0°H,Hy)) . (3.6)

The linear regression model with MA(1) errors therefore fits squarely into
the general framework of Section 3.1, with Xg = 02H¢Hip. We maintain the
same independent priors for 3 and o2 as in previous sections. For the moving-
average parameter, we adopt a uniform prior on (—1,1), ¥ ~ U(—1, 1), which
enforces the invertibility condition.

Before describing the Gibbs sampler, we first outline an efficient method for
evaluating the likelihood function of the MA (1) regression model. A traditional
approach is to cast the model into a linear Gaussian state space form (see
Chapter 9) and evaluate the likelihood via the Kalman filter. Here we instead
follow the direct approach of Chan (2013), which exploits fast band-matrix
algorithms and is particularly convenient in regression settings.

Specifically, since det(Hy) = 1, we have det(HyH],) = 1, and the likeli-
hood implied by (3.6) can be written as

’

p(y|B,02,0) = (27702)—T/2e—ﬁ(y—Xﬂ)’(HwHw)*l(y—Xﬁ)_

Thus, likelihood evaluation reduces to computing the quadratic form in the
exponent.

To do so efficiently, we avoid forming (HwHip)’1 explicitly. Instead, define

u=H, (y - Xp),
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which can be obtained by solving the banded linear system
Hyz=y-Xp3

for z. Since Hy is lower triangular with bandwidth one, this system can
be solved quickly using standard routines—e.g., the backslash operator \
in MaTLAB. The quadratic form then simplifies to u’u, yielding a fast and
numerically stable evaluation of the likelihood.

The MA(1) specification is adopted here for simplicity, and the frame-
work extends immediately to a general moving average model of order ¢. In
particular, for an MA(q) error process

€=Ut F P11+ -+ YgUp_g,

the matrix Hy in (3.5) is replaced by a lower triangular band matrix with
q + 1 nonzero diagonals, where the main diagonal contains ones and the jth
subdiagonal contains v;, j = 1,...,¢. All results above continue to hold with
this redefinition of Hy. In particular, Hy, remains sparse, its determinant
equals one, and likelihood evaluation and posterior sampling can be carried out
using the same band-matrix algorithms. For ¢ > 1, however, the invertibility
region is no longer simply |¢;| < 1, and the prior for ¥ = (¢1,...,%,)" should
be restricted to this region accordingly.

Having established the likelihood and its efficient evaluation, we now turn
to posterior sampling for the regression model with MA errors.

3.3.2 Posterior Sampling via Metropolis-within-Gibbs

Posterior simulation for the MA(1) regression model proceeds by combining
Gibbs updates for parameters with conjugate conditional distributions and
a Metropolis—Hastings (MH) step for the moving average parameter. Specifi-
cally, we iteratively draw from the conditional distributions of p(3|y,¥,o?)
and p(o?|y,,3), and update 1 using an MH step.

The first step of sampling from p(3|y,1,0?) is straightforward. Condi-
tional on (¢, 02), the model falls within the general framework of Section 3.1.
Applying Theorem 3.1 yields

(Bly,v,0%) ~ N(B,Dg), (3.7)

where
1 -1
_ -1 / —1
Dg = (Vﬂ + —UQX (HwHﬁp) X> ,

~ _ 1 B
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As in likelihood evaluation, direct computation of (Hq/,Hi/))’1 is neither

necessary nor desirable, since H;l is dense. Instead, we exploit the banded
structure of Hy by working with transformed variables. Specifically, define

X=H,'X, y=Hy,
which can be obtained by solving the banded linear systems

Hd,Z = X, sz =Y.
Once X and y are available, the posterior moments reduce to
D——V*1+i>~<’)~<’1 B=D V*15+—15(’~
,@ - ﬁ 0_2 9 - ,@ ,3 0 0_2 y 9

thereby avoiding the formation or inversion of any dense T' x T' matrices.

An equivalent interpretation of this procedure is to view it as whitening
the regression errors. Specifically, left-multiplying the regression equation y =
X8+ € by Hvzl to obtain

y=XB+H;'e=XpB+u,

where y = H;ly, X = H;X, and (u|o?) ~ N(0r,02%I7). The transformed
regression therefore has serially independent Gaussian errors.

Because the whitened model is an ordinary linear regression with ho-
moskedastic disturbances, the standard conjugate results from Chapter 2 ap-
ply directly and lead to the same conditional posterior distribution for 3 as
in (3.7).

The idea of whitening correlated disturbances in Bayesian regression dates
back at least to Chib and Greenberg (1994). Their implementation, however,
differs from the one used here: instead of explicitly applying H;l, they com-

pute the elements of y and X recursively via systems of equations. The matrix-
based approach adopted here is typically faster, as it exploits vectorized op-
erations and avoids explicit loops.

The update for o2 is also straightforward. Conditional on (3, ), the model
is Gaussian with known covariance structure, and conjugacy implies that the
conditional posterior distribution of o2 is inverse-gamma. Specifically, it can
be shown that

(02 13:8.0) ~ 70 (v + 50 + 5y - XB) (HH,) "y - XB) ).

The derivation closely parallels that of the homoskedastic Gaussian regression
and is omitted for brevity.
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Next, given the uniform prior ¢ ~ U(—1,1), the conditional distribution
of v is
p(¥ ]y, B,0%) < ply|B,0°,¢) 1{|y| < 1},

where 1{-} denotes the indicator function and p(y | 3, 02,%) is the likelihood
function. This density does not belong to a standard family, so direct sampling
is not available. Although a Griddy-Gibbs step could be used, it requires
repeated likelihood evaluations on a fine grid and does not scale well to higher-
order MA models. These considerations motivate the use of a Metropolis—
Hastings update.

The MH algorithm constructs a Markov chain whose stationary distribu-
tion coincides with a target density f, known up to a normalizing constant.
Starting from the current state 6, a proposal 8* is drawn from a proposal
density ¢(- | ) and accepted with probability

o[, 140107
a(0.0) = min {1 ST

Algorithm 3.3 Metropolis—Hastings Algorithm

Input: Target density f(6), initial value 8(®), proposal density q(-|8), and
number of iterations R.

1. Forr=1,...,R:
(a) Draw a proposal 8* ~ ¢(-|@("—1).
(b) Compute the acceptance probability

(r—=1) p* = min f(@*)q(g(r—l)‘e*) }
o070, =i {1 T

(c) With probability «, set (") = 8*; otherwise set 8(") = §("=1),

One of the most widely used MH variants is the random-walk sampler, in
which proposals are generated according to

0*=0+v, v~g,

where the proposal distribution ¢ is typically, though not necessarily, sym-
metric about zero. When g is symmetric, we have ¢(6* | 6) = ¢(6 | 0*), so the
proposal densities cancel in the acceptance ratio. As a result, the acceptance
probability simplifies to

2(8,6%) = min {1, J;((‘Z)) } .
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The performance of the algorithm depends critically on the scale of the
random-walk proposal. Larger proposal steps promote broader exploration of
the parameter space but typically result in lower acceptance rates, while very
small steps yield high acceptance probabilities at the cost of slow mixing and
highly persistent draws. In practice, the proposal variance must be tuned to
balance these effects. A commonly used rule of thumb in univariate problems
is to target an acceptance rate between roughly 20% and 40%. Further dis-
cussion of optimal scaling results and acceptance-rate guidelines is provided
in Chapter 6. The random-walk sampler is straightforward to implement and
often effective in low-dimensional settings, though its efficiency depends crit-
ically on careful tuning of the proposal scale.

Another important MH variant is the independence-chain sampler, ob-
tained by choosing a proposal density that does not depend on the current
state, ¢(0* |0) = g(0*). In this case, the acceptance probability becomes

o[, 10)900)
o(6.67) = {l’f(0>g(9*)}'

The performance of the independence-chain sampler hinges on how well the
proposal density g approximates the target density f.

In contrast to the random-walk Metropolis algorithm, there is no intrinsic
trade-off between step size and acceptance probability in the independence-
chain sampler. When ¢ provides a good global approximation to f, proposed
draws are frequently accepted, and acceptance rates close to one are desirable
and indicative of efficient sampling. In practice, however, constructing such a
proposal often requires additional optimization and numerical differentiation.
For this reason, especially in low-dimensional settings, a well-tuned random-
walk Metropolis step is often preferred for its simplicity, even if it operates at
a lower acceptance rate.

In the MA(1) regression, we update the moving average parameter 1 using
an MH step targeting its conditional density

F@) < p(y | 8,0, ¥)1{|9] < 1},
treating (3, 02) as fixed at their current Gibbs draws.

We now turn to an empirical illustration in which this Metropolis—Hastings
update is embedded within a Gibbs sampler for an autoregressive moving
average model.

3.3.3 Application: Modeling PCE Inflation via an ARMA
Model

To illustrate the benefits of allowing for serially correlated disturbances, we
revisit the PCE inflation example previously analyzed under the assumption of
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independent errors. Using quarterly US PCE inflation over the sample period
1960Q1-2019Q4, we retain the same AR(2) specification for the conditional
mean but replace the assumption of independent disturbances with an MA(1)
error structure. This specification is a special case of the autoregressive moving
average (ARMA) family of models.

Definition 3.1 (ARMA(p,q) Model). A univariate time series {y:} follows
an autoregressive moving average model of order (p, q), denoted ARMA(p,q),
if it satisfies

Yo = P14+ Boyi—1 + -+ Bpr1li—p T €, € = U +P1Us—1 + - - F YgUs—g,

where {u;} is a sequence of iid random variables with mean zero and variance
2
o°.

While autoregressive terms capture persistence in the conditional mean,
they do not in general account for all forms of serial dependence in a time
series. In practice, approximating a covariance-stationary process using only
autoregressive terms may require a large number of lags. By combining AR
and MA components, ARMA models provide a more parsimonious and flexible
approximation to a wide class of covariance-stationary time series.

To estimate the ARMA(2,1) model, we implement the three-block
Metropolis-within-Gibbs sampler described earlier. We begin by introducing
a supporting function, loglike MA1.m, which evaluates the log-likelihood of
the regression model with MA(1) errors.

The function takes three inputs: the scalar psi, corresponding to the
MA(1) parameter 1; a T x 1 vector e containing the regression residuals
e = y — X3 evaluated at the current draw of 3; and the innovation vari-
ance sig2 = 0. Given these inputs, the function constructs the MA(1) band
matrix Hy via

Hpsi = spdiags([psi*ones(T,1), ones(T,1)], [-1, 0], T, T);

which places ones on the main diagonal and v on the first subdiagonal, yield-
ing a sparse, lower-triangular bidiagonal matrix that encodes the MA(1) de-
pendence structure. The whitened residuals u = H;ls are then obtained by
solving a banded linear system using the backslash operator, thereby avoiding
explicit matrix inversion. The function returns both the resulting Gaussian
log-likelihood and the vector u.

function [loglik, ul] = loglike_MA1(psi, e, sig2)

T = length(e);

Hpsi = spdiags([psi*ones(T,1), ones(T,1)], [-1, 0], T, T);
u = Hpsile;

loglik = -0.5%Txlog(2*pi*sig2) - 0.5%(u’*u)/sig2;
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‘end

|

Listing 3.4: Log-likelihood evaluation for the MA(1) regression model
(loglike MA1.m)

We next implement a random-walk MH update for the MA(1) parameter
1 in the function sample_psi RW.m. A candidate value is generated by per-
turbing the current draw with Gaussian noise, and the proposal is accepted or
rejected using the MH rule. The scalar tuning parameter g_var controls the
variance of the random-walk proposal and therefore governs the size of the
proposed moves. The invertibility constraint |¢)| < 1 is enforced by assigning
zero acceptance probability to proposals outside the admissible region. Be-
cause the random-walk proposal is symmetric, the proposal densities cancel
in the acceptance ratio, and the acceptance probability depends only on the
change in the log-likelihood, which is evaluated using loglike MA1.m.

function [psi, accept] = sample_psi_RW(psi, e, sig2, g_var)
psi_c = psi + sqrt(g_var)*randn; / propose candidate

% check invertibility (0.999 is a numerical buffer)
if abs(psi_c) < 0.999
log_alpha = loglike_MA1(psi_c, e, sig2)
- loglike_MA1(psi, e, sig2);
else
log_alpha = -inf;
end

% accept/reject step
accept = (log(rand) < log_alpha);
if accept
psi = psi_c;
end
end

Listing 3.5: Random-Walk Metropolis—Hastings update for the MA(1)
parameter ¢ (sample_psi RW.m).

In the main MATLAB script linreg mal.m, we implement the three-block
Metropolis-within-Gibbs sampler described in the previous section. Each
MCMC iteration cycles through the following steps. First, conditional on
(¢, 0%), we whiten the regression using the band matrix Hy, and draw 8 from
its Gaussian conditional posterior. Second, conditional on (3, ), we compute
the whitened residuals u = H;l(y — X/3) and sample o2 from its inverse-
gamma conditional distribution. Third, conditional on (3, 0?), we update the
MA(1) parameter ¢ using a random-walk MH step with proposal variance
g-var. After updating v, we reconstruct Hy, so that the next iteration uses a
covariance structure consistent with the current draw.
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nsim = 50000; burnin = 1000;

% load data

data = readmatrix(’USPCE.csv’, ’Range’, ’B2:B241°’);
yO = data(1:4); 7 <nitial conditions

y data(5:end); /% sample used for estimation

T size(y,1);

/% regressors for AR(2): [1, y_{t-1}, y_{t-2}]
xlagl = [y0(4); y(1:end-1)1;

xlag2 = [y0(3:4); y(l:end-2)];

X = [ones(T,1), xlagl, xlag2];

k = size(X,2); % mumber of regressors

% prior hyperparameters (indep normal and inverse-gamma)
beta0 = zeros(k,1); iVbeta = 1/100xspeye(k);
nu0 = 4; SO0 = 1;

% initialize the Markov chain
psi = 0;

beta (X2*X)\ (X’ *xy) ;

sig2 sum ((y-X*beta) ."2)/T;

Hpsi = spdiags([psi*ones(T,1),ones(T,1)],[-1, 0],T,T);
store_theta = zeros(msim,k+2); [ [beta’, sig2, psi]
count_psi = 0;

g_var = 0.02; [/ proposal wvariance for RW-MH step for pst

for isim = 1:nsim + burnin
% sample beta
X_tilde = Hpsi\X;
y_tilde = Hpsi\y;
Dbeta = (iVbeta + X_tilde’*X_tilde/sig2)\speye(k);
beta_hat = Dbeta*(iVbeta*betaO + X_tilde’*y_tilde/sig2);
beta = beta_hat + chol(Dbeta,’lower’)x*randn(k,1);

% sample sig2

e = y - Xxbeta;

u = Hpsile;

sig2 = 1/gamrnd (nu0+T/2,1/(S0 + u’*u/2));

% sample pst
[psi, accept] = sample_psi_RW(psi,e,sig2,g_var);
Hpsi = spdiags([psi*ones(T,1) ,ones(T,1)],[-1, 0],T,T);

/% store the parameters
if isim > burnin

isave = isim - burnin;
count_psi = count_psi + accept; / post-burnin
store_theta(isave,:) = [beta’, sig2, psil;
end
end
% acceptance rate
accept_rate = count_psi/nsim;

fprintf (’Acceptance rate for psi: %.2f\n’, accept_rate);
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/4 Posterior summaries

theta_mean = mean(store_theta,l);

theta_1lo quantile(store_theta,.025,1) ’;
theta_hi quantile (store_theta,.975,1) ’;

Listing 3.6: Posterior simulation of the ARMA(2,1) model (linreg mal.m).

Using 50,000 posterior draws, the posterior means of the first- and
second-order autoregressive coefficients are 1.11 and —0.165, respectively. The
moving-average parameter 1 is clearly negative: its posterior mean is approx-
imately —0.51, with a 95% credible interval of (—0.78,—0.13) that excludes
zero, and P(¢p < 0]y) = 0.991. The left panel of Figure 3.3 displays the
histogram of posterior draws of 1. Because ¢ = 0 corresponds to the bench-
mark model with conditionally independent regression errors, these results
provide strong evidence against the independence assumption for this dataset.
In Chapter 5, we formally compare the MA(1) specification with the standard
linear regression model with independent errors using Bayesian model com-
parison tools.

Allowing for a moving-average component also affects the estimated dy-
namics of the autoregressive part. Relative to an AR(2) model with inde-
pendent errors, incorporating MA(1) disturbances leads to a more persistent
estimated AR component. Omitting the MA term forces the autoregressive
coeflicients to absorb this dependence, distorting the estimated persistence.
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FIGURE 3.3: Posterior distribution and trace plot for the MA(1) parameter
1. The left panel displays the histogram of posterior draws of 3 from the
ARMA(2,1) model, while the right panel shows the corresponding trace plot
from the MH update within the Gibbs sampler.

The random-walk MH update for v also exhibits satisfactory numerical
performance. With the proposal variance g_var set to 0.02, the post-burn-
in acceptance rate is approximately 42%, which is close to the commonly
recommended range of 20%-40% for univariate random-walk samplers. The
trace plot in Figure 3.3 shows no evidence of long stretches in which the chain
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remains at a constant value, indicating that the sampler does not become
stuck and mixes reasonably well.

3.4 Further Reading

The idea of introducing latent or missing data to simplify inference dates back
to the Expectation-Maximization algorithm of Dempster, Laird and Rubin
(1977), who show that augmenting the observed data can greatly facilitate
maximum likelihood estimation through iterative optimization. In a Bayesian
setting, Tanner and Wong (1987) formalize this principle under the name
data augmentation and demonstrate how latent variables can be exploited to
construct efficient posterior samplers.

The impact of this idea expanded rapidly with the advent of Gibbs sam-
pling, most notably in the work of Albert and Chib (1993) for probit models
and Geweke (1993) for linear regression with Student-¢ errors. These contri-
butions firmly establish data-augmented Gibbs samplers as a central tool in
modern Bayesian econometrics. An overview is provided by van Dyk and Meng
(2001), who synthesize the development of data augmentation since Tanner
and Wong (1987), including marginal augmentation and working-parameter
strategies that improve algorithmic efficiency.

Further examples of expressing non-Gaussian models as conditionally
Gaussian via mixture representations are discussed in Chapter 4. Bayesian
analysis of linear regression models with autoregressive moving average er-
rors is developed by Chib and Greenberg (1994), who introduce the idea
of “whitening” the error process to obtain conditionally independent distur-
bances, implemented via recursive filtering. Computational refinements based
on band-matrix methods are later proposed by Chan (2013).

Exercises

Exercise 3.1 (Scale-Mixture Representation of the Student-¢ Distribution).
Let
(e|N) ~N(0,X0?), A~TIG(v/2,v/2).

Derive the joint density of (¢,\) and, by integrating out A, show that the
marginal density of ¢ is the Student-t distribution 7, (0, 02).
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Exercise 3.2 (Full Conditional Distributions in the Student-t Regression).
Consider the linear regression y; = x;3 + &; with Student-t errors in the
scale-mixture form (g;| A, 02) ~ N(0,\0?) and (A¢|v) ~ ZG(v/2,v/2),
together with the priors 8 ~ N(Bo,Vg) and o ~ IG(vy,S)). Let A =
diag()\l, ey )\T)

(a) By combining the conditionally Gaussian likelihood with the inverse-
gamma prior and collecting terms in o2, show that

(02|y,ﬂ,)\) ~71G (VO + §7 So + %(y — Xﬁ)’A—l(y _ Xﬂ)) .

(b) Show that the latent scales are conditionally independent across t, with

v+1 1 v — x,8)?
()‘t|y75a02)wzg<272<’/+(t02t) , t=1,...,T.
(¢) Using the result in part (b), show that

v+1
v+ (ye — x18)? /0%’

and explain how this expression formalizes the way a large standardized
residual downweights observation ¢ in the update of 3.

E(\ 'y, B.0%) =

Exercise 3.3 (Inverse-Transform Sampling for a Discrete Distribution). Let
X be a discrete random variable with support {1,2,...,n} and probabilities
P(X =1i) = p;, where p; >0 and ) . p; = L.

(a) Write a script that takes as inputs the probability vector p = (p1,...,pn)
and an integer R, and returns R independent draws (), ... 2 from
this distribution using the inverse-transform method.

(b) Verify your implementation by simulating a large number of draws and
comparing the empirical frequencies P(X = i) with the target probabili-
ties p;.

Exercise 3.4 (Inverse-Transform Sampling for a Truncated Normal Distri-
bution). Consider the truncated normal random variable X ~ TN (q ) (4, a?)
restricted to the interval (a,b), where —oco < a < b < 0.

(a) Show that the cdf of X can be written as
®(5H) — @ (%5")

@ (P54) @ (454

where ®(-) denotes the standard normal cdf.

Fx(z) = , a<x<b,
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(b) Derive an inverse-transform sampling rule for X. In particular, show that
it U ~U(0,1) and

Ve () el (50) ()]

X=p+od V)

has the truncated normal distribution on (a,b).

then

(c) Write a script that generates R independent draws from the truncated nor-
mal distribution using the inverse-transform method. Your script should
accept (p,02,a,b, R) as inputs and return the simulated draws.

(d) For the special case u =0, 02 = 1, a = 0, and b = oo, simulate draws and
compare the empirical mean and variance with their theoretical values.

Exercise 3.5 (Density Forecast under Student-t versus Gaussian Errors).
Consider the AR(2) model for quarterly US PCE inflation

Yt = B1 + Bayi—1 + B3yi—2 + e,
estimated on the sample 1960Q1-2019Q4.

(a) Using posterior draws from the Student-t model obtained with
linreg t.m, construct a one-step-ahead density forecast for the inflation
in 2020Q1 by Monte Carlo simulation. Plot the resulting predictive den-
sity.

(b) Construct the corresponding density forecast under the Gaussian AR(2)
model estimated in Section 2.3.2. Compare the two predictive densities,
focusing on their dispersion and tail behavior, and briefly discuss the
implications for assessing downside risk.

Exercise 3.6 (Independence-Chain MH Update for ¢ in an ARMA(2,1)

Model). Consider the ARMA(2, 1) model for quarterly PCE inflation studied
in Section 3.3.3. Conditional on current Gibbs draws of (3, 0?), let

F@) < ply|B,0% v) 1{[y| < 1}
denote the conditional target density for the MA parameter 1.

(a) Write a script to obtain the mode zZ of log f(v) numerically over (—1,1) by
minimizing the negative log-density (e.g., using fminbnd). Approximate
the second derivative of log f(¢) at 1Z using a centered finite-difference
method with step size A > 0, and use it to construct a Gaussian proposal
density with mean 1 and variance

o2 -
e (Boere] )
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(b) Using g(v) as an independence proposal, implement a Metropolis—
Hastings update for 1, enforcing the invertibility restriction [¢] < 1.

(¢) Incorporate this independence-chain MH step into the Gibbs sampler for
the ARMA(2,1) model and replicate the PCE inflation application. Re-
port posterior summaries for ¥, the acceptance rate of the MH step, and
briefly compare the numerical performance with the random-walk MH
sampler used in Section 3.3.3.

Exercise 3.7 (Posterior Sampling for an MA(2) Regression). This exercise
extends the MA(1) regression in Section 3.3 to a higher-order moving average
error process and applies the resulting sampler to US PCE inflation. Consider

vy =x0+ e, & = up + Yr1ug_1 + Yous_a,

where the u; are iid N(0,02). Assume a uniform prior on ¥ = (W1,13)
over the invertibility region of the MA(2) model, given by —1 < 1y < 1,
Y1 + P > —1, and g — P > —1.

(a) Write the model in matrix form e = Hyu, where H,, is a lower-triangular
band matrix with three nonzero diagonals. Explain how to evaluate the
likelihood efficiently.

(b) Construct a Metropolis-within-Gibbs sampler for (3,02, ), using conju-
gate updates for (3,0?) and an MH step for 4.

(c¢) Fit both ARMA(2,1) and ARMA(2,2) models to quarterly US PCE in-
flation, 1960Q1-2019Q4, and briefly discuss which specification is more
appropriate.



4
Mixture Models

So far we have focused on linear regression models with Gaussian innovations,
where posterior computation is straightforward. Economic and financial data,
however, often exhibit non-Gaussian features such as heavy tails, skewness,
or latent heterogeneity. In this chapter we introduce two important classes
of flexible specifications—Ilocation-scale mixtures of normals and finite mix-
tures of normals—which greatly broaden the range of distributions we can
model. Both admit data-augmentation representations that make the models
conditionally Gaussian, so estimation requires only minor modifications of the
Gibbs samplers developed earlier.

4.1 Location-Scale Mixture of Normals

We begin by introducing the basic constructions underlying scale and location-
scale mixtures of normals and illustrating them with several canonical exam-
ples.

4.1.1 Basic Constructions and Examples

Many familiar non-Gaussian distributions can be expressed as scale mixtures
of normals. Formally, we have the following definition.

Definition 4.1 (Scale Mixture of Normals). A random variable X is said to
follow a scale mixture of normals if it admits the hierarchical representation

(XA 0%) ~N(0,0°N),
A~ G,

where G is a distribution supported on the positive real line R, .

We encountered one such example in Chapter 3, where a Student-¢ dis-
tribution was represented as a scale mixture of normals with (A|v) ~

67
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ZG(v/2,v/2). Scale mixtures provide a simple and powerful mechanism for
introducing heavy tails while preserving conditional Gaussianity.

Example 4.1 (Laplace Distribution as a Scale Mixture of Normals). As
another illustration, suppose the scale-mixing variable A follows a gamma
distribution G(1,1/2) (equivalently, an exponential distribution with rate
parameter 1/2). In this case, the marginal distribution of X is the Laplace
(or double-exponential) distribution with scale parameter o > 0, whose
density is given by

f) = e (4.1)

:%e

The derivation of this result is given in Exercise 4.2.

Figure 4.1 compares the density of the Laplace distribution with
those of the standard normal and Student-¢ distributions. All three dis-
tributions are standardized to have mean zero and unit variance, and
the degrees-of-freedom parameter for the Student-¢ distribution is set to
v=23.

0.8
0.6
04 4-3
7/ \\
/7 \

2 / \ ~ — — —Normal \

0 // A\ \\ sop T Student-¢ \
7z, N Laplace
== -40
-2 0 2 0 2 4 6 8

FIGURE 4.1: Density functions (left panel) and log densities (right panel)
of the standard normal distribution, the Student-¢ distribution with v =
3, and the Laplace distribution.

As shown in the left panel of Figure 4.1, relative to the normal dis-
tribution, the Laplace distribution assigns substantially more mass near
zero. At the same time, its tails decay more slowly than those of the
normal distribution but more rapidly than those of the Student-t dis-
tribution. This reflects the differing tail behaviors: the Laplace density
decays at rate exp(—ci|z|), compared with exp(—cz2?) for the normal
distribution and |z|~¢ for the Student-t distribution, where ¢;, ¢o, and
c3 are positive constants.

Scale mixtures generate heavy tails (and often substantial mass near zero),
but they cannot produce skewness because the conditional Gaussian compo-
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nent is centered at zero. A natural extension is obtained by allowing the latent
variable to affect not only the conditional variance but also the conditional
mean. This leads to the class of location-scale mixtures of normals, also known
as normal mean-variance miztures.

Definition 4.2 (Location-Scale Mixture of Normals). A random variable X is
said to follow a location-scale mixture of normals if it admits the hierarchical
representation

(X [A) ~ N (m(X),s*(N)),
A~ G,

where A is a latent random vector, G is a mizing distribution, and the func-
tions m(-) and s%(-) specify the conditional mean and variance, respectively.

The scale-mixture representation is obtained as a special case when the
conditional mean function satisfies m(A) = 0. More generally, allowing m(\)
to vary with A introduces asymmetry into the marginal distribution of X.
Despite this added flexibility, the model remains conditionally Gaussian given
the latent variables A.

Example 4.2 (Skew-Normal Distribution as a Location Mixture of Nor-
mals). One convenient way to introduce skewness is through a latent
truncated normal variable. Let A ~ TN (g o) (0,1), that is, X follows a
standard normal distribution truncated to (0, 00). Conditional on A, de-
fine

(X X)) ~N(6X, 1—67),

where 6 € (—1,1) controls the degree of skewness. Marginally, X follows
a skew-normal distribution in the sense of Azzalini (1985).

This representation is a location mizture of normals: the latent vari-
able A shifts the conditional mean while the conditional variance remains
constant. As a result, the marginal distribution of X is asymmetric, while
the model retains conditional Gaussianity.

Example 4.3 (Skew-¢ Distribution as a Location-Scale Mixture of Nor-
mals). Heavy tails can be introduced on top of skewness by combining a
location-mixture representation with a scale-mixture representation. Let

)\1 ~ TN(O,DO)(Ov 1)7
(A2 |v) ~IG(v/2,v/2),

and define the conditional distribution

(X A1, 02) ~ N (G MV A2, (1= 62)Xs),
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for § € (—1,1). Marginally, X follows a skew-¢ distribution in the sense
of Azzalini and Capitanio (2003). In this formulation the latent vector
(A1, A2) governs both the conditional mean and conditional variance, and
therefore defines a location-scale mixture of normals.

4.1.2 Bayesian Quantile Regression

Location-scale mixtures are commonly used to model the innovations in linear
regression models. For example, Section 3.2.4 analyzes PCE inflation using an
AR model with Student-¢ innovations. In such settings, for a linear regres-
sion model with outcome y; and regressors x;, the linear predictor x;3 is
interpreted as the conditional mean of y; given x;.

In many applications, however, interest lies in the tails of the conditional
distribution rather than its center. Quantities such as downside risk or dis-
tributional asymmetry are more naturally described by conditional quantiles
than by the conditional mean. This motivates quantile regression, which re-
places the conditional-mean restriction with a restriction on a specified con-
ditional quantile.

Formally, for a fixed 7 € (0,1), quantile regression specifies the conditional
T-quantile of y; given x; as Q- (yt | x¢, B-) = x}3,. Here the coefficient vector
3 is allowed to vary with 7, thereby capturing heterogeneous covariate effects
across different regions of the conditional distribution.

Quantile regression can be viewed as a change in the target of inference
rather than in the functional form of the linear predictor. Instead of imposing
an error distribution centered at zero in the mean, one specifies an error
distribution whose T-quantile is equal to zero. If this condition holds, then in
the linear regression model

Y =X, 8 + &,

the conditional T-quantile of y; given x; is Q,(y: | x¢, ) = x}3. In principle,
any asymmetric distribution satisfying this property could be used as a likeli-
hood for Bayesian quantile regression. This is convenient in a Bayesian setting,
where likelihood-based inference requires an explicit distributional assumption
for the regression innovations.

A convenient and widely used choice is the asymmetric Laplace distribu-
tion, whose use as a likelihood for Bayesian quantile regression is introduced
by Yu and Moyeed (2001). We write € ~ AL(0, 02, 7) if ¢ has density

T7(1—7)

_ 1
5 e 02.07'(5)’

s ="
p-(e) =e(r — 1{e < 0}),

where 7 € (0,1) is the quantile index and 0? > 0 is a scale parameter. The

(4.2)
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function p,(+) is the check loss from classical quantile regression. As verified
in Exercise 4.3, the 7-quantile of AL(0, 0%, 7) is zero, which makes it a natural
likelihood for quantile regression at level 7.

The asymmetric Laplace distribution offers two further advantages. First,
its log-likelihood is proportional to — Zthl pr(ys — x38;), so that under a
flat prior the posterior mode of 3, coincides with the Koenker—Bassett quan-
tile regression estimator (Koenker and Bassett, 1978). Second, it admits a
location-scale mixture of normals representation, which restores conditional
conjugacy and renders posterior computation particularly simple. As a result,
Bayesian quantile regression under the asymmetric Laplace distribution can
be formulated as a conditionally Gaussian model with latent variables, fitting
squarely into the mixture framework developed earlier in this chapter.

Definition 4.3 (Bayesian Quantile Regression). For a fized quantile index
7 € (0,1), the Bayesian quantile regression model is defined by

Yt = X;/BT + Et, gt~ A‘C(Oa 027 T)7

where B, is the vector of quantile-specific regression coefficients and o> > 0
is the scale parameter of the asymmetric Laplace distribution.

Direct posterior sampling under the asymmetric Laplace likelihood is not
straightforward. To exploit the mixture representation, we follow Kozumi and
Kobayashi (2011) and define the constants

1-27 2
Tl -1)’ o T(1—1) (4.3)
Consider the hierarchical model
e\ 02) ~ N (9N, or02)),
(elA07) ( @ro?)) (4.4)

(A o?) ~G(1,1/0%),

where G denotes a gamma distribution. Marginally of A, & follows the asym-
metric Laplace distribution defined in (4.2). When 7 = 1/2, ¥, = 0, and the
asymmetric Laplace distribution reduces—up to a reparameterization of the
scale—to the symmetric Laplace distribution illustrated in Example 4.1.

We now adopt the quantile regression model in Definition 4.3 and em-
ploy the latent-variable representation of the asymmetric Laplace distribution
in (4.4):

(yt ‘ )\tvﬂ‘rv 02) ~ N(xt/tﬂ'r + 9 A, 907'0'2)\15)7
(\e]o®) ~G(1,1/0%).

We assume independent priors 3, ~ N(Bo, Vg) and o2 ~ ZG(vp, Sp). Let
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A=(\,..., A7) and A = diag(Aq,..., Ar). Define the shifted response g; =
y: — U7\, and stack ¥ =y — 9, A. Conditional on (X, 0?), we then have

(¥18r,A,0%) ~ N (X8, <pT02A).

This is a heteroskedastic Gaussian regression model and therefore admits a
straightforward three-block Gibbs sampler. The resulting Gibbs sampler cycles
through the following three steps.

First, applying Theorem 3.1 yields
(/67' | Y, )\7 02) ~ N(67-7 Dﬂ):
where

1
pro?

1

pro?

-1
Dﬁ<v51+ X'A1X) . B.=Dp <V51ﬁ0+ X'A1§>.

Next, combining the Gaussian likelihood with the gamma mixing density
yields an inverse-gamma full conditional distribution for o2:

3T -
(0138 ~ 76 (1 + 5. 5).

where § = Sy + Y1, M + 5 (v — XBr — 0 A) A7y — XB, — 0 N).

Finally, {)\;} are conditionally independent given (y,3,,c?). The full con-
ditional kernel for \; can be written as

1 1 beor
p(>\t|y,ﬁq—,0'2) o()\t 20 é(arkt-i- X )’

where ) ) )
_ 197 + 207 b — (yt - Xtﬁ'r)

, ;= 4.5
907'0'2 b 907'0'2 ( )

T

Although this kernel does not correspond to a standard distribution for A,
a simple transformation yields a convenient form. In particular, the inverse
A, ! follows an inverse Gaussian distribution; see Exercise 4.4 for the derivation
and details. Accordingly, we draw z; ~ ZGAUSS(ar, put,r) and set Ay = 2;17

where
ar /92420,
fitr = [ =
be,r lye — %387

An efficient routine for sampling from the inverse Gaussian distribution
is provided in the MATLAB function igaussrnd.m, which can be downloaded
from the companion website for this book and reused directly here.



4.1. LOCATION-SCALE MIXTURE OF NORMALS 73

4.1.3 Application: Growth-at-Risk

We illustrate Bayesian quantile regression in an application to growth-at-risk
(GaR), as proposed by Adrian, Boyarchenko and Giannone (2019). The objec-
tive is to quantify how financial conditions affect downside risks to future real
GDP growth. Following Adrian, Boyarchenko and Giannone (2019), we focus
on two key US macro-financial series: real GDP growth and the Chicago Fed
National Financial Conditions Index (NFCI). The NFCI summarizes informa-
tion from a large set of credit, funding, and risk-premia indicators; positive
values indicate tighter-than-average financial conditions, whereas negative val-
ues indicate looser-than-average conditions.

The sample period begins in 1971Q1, the first quarter for which the NFCI
is available, and ends in 2024Q4. Real GDP growth is observed at a quarterly
frequency, whereas the NFCI is a weekly time series. To align frequencies, we
compute the average NFCI within each quarter.

Growth-at-risk is defined as a low conditional quantile of future real GDP
growth and is a quantile-based forecast. Fix a forecast horizon h (e.g., h =4
quarters), and let g¢1 5, denote quarterly annualized real GDP growth observed
h quarters ahead. Given predictors observed at time ¢, collected in x;, we define

GaRt(h;T) = Qr(gt+h | Xt)a TE (0’ 1)7
where 7 = 0.05 is commonly used as a measure of downside risk.

We consider the parsimonious quantile regression specification

Gerh = XBrpn + €tqns  Eepn ~ AL(0, Uf,m ), (4.6)

where x; includes a constant, current real GDP growth, and the NFCI. Be-
cause the asymmetric Laplace distribution has 7-quantile equal to zero (see
Exercise 4.3), the linear predictor x;3; ) coincides with the conditional 7-
quantile of g;yp given x;.

For each (7, h) pair, we estimate (4.6) using the Gibbs sampler developed
in Section 4.1.2, implemented in the script 1inreg bqr .m. In particular, we use
the function igaussrnd.m to sample from the inverse Gaussian distribution;
this routine can be downloaded from the companion website for this book.
For posterior draw r, the implied growth-at-risk is

GaR{"” (h;7) = x/B.").

We summarize GaR;(h; 7) using posterior means and pointwise credible inter-
vals constructed from {GaR\") (h; 7)}E_,.

nsim = 20000; burnin = 1000;
tau = 0.05; 7 quantile level (e.g., 0.05, 0.10, 0.50)
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h = 4; /% forecast horizon in quarters (e.g., 1 or 4)

%4 AL mizture constants
vartheta = (1 - 2xtau) / (tau*x(1 - tau));
varphi = 2 / (taux(1 - tau));

% load GDP-NFCI merged data

7 DATE is a quarter-start date

7 GDP is quarterly (annualized) real GDP growth

% NFCI is quarterly average of weekly NFCI

opts = detectImportOptions (’GDP_NFCI_merged.csv’);

opts = setvaropts(opts,’Date’,’InputFormat’,’MM/dd/uuuu’) ;
TBL = readtable(’GDP_NFCI_merged.csv’, opts);

% keep observations with NFCI available

idx = “isnan(TBL.NFCI) & ~“isnan(TBL.GDP);
TBL = TBL(idx,:);
gdp = TBL.GDP;

nfci = TBL.NFCI;

% Construct regression for Growth-at-Risk:
VA y_{t+h} = betal + betal*gdp_t + betal*nfci_t + eps_{t+h}

TO = length(gdp);

T = TO - h;

y = gdp(1+h:end); % y_{t+h}

X = [ones(T,1), gdp(l:end-h), nfci(l:end-h)];
k = size(X,2);

/% prior hyperparameters (indep normal and %inverse-gamma)
beta0 = zeros(k,1);

iVbeta = speye(k)/100; J prior precision

nu0 = 3;

SO = 1*(nu0 - 1);

Z initialize the Markov chain

beta = (X’*X)\(X’*y);

sig2 = mean((y - Xxbeta)."2);

lam = gamrnd (1, sig2, T, 1);

iLam = sparse(1:T,1:T,1./1lam);

store_theta = zeros(nsim, k+1); % [beta’ sig2]

% Gibbs sampler starts here
for isim = 1l:nsim + burnin
% sample beta
ytilde = y - vartheta*lam;
Dbeta = (iVbeta + (X’*ilLam#*X)/(varphi*sig2))\speye(k);
beta_hat = Dbeta*(iVbetax*betal
+ (X’xilam*ytilde)/(varphi*sig2));
C = chol(Dbeta,’lower’);
beta = beta_hat + Cxrandn(k,1);

% sample sig2

e = y - Xxbeta - varthetaxlam;
S_hat = SO + sum(lam) + e’*iLamxe/(2*varphi);
sig2 = 1/gamrnd(nu0 + 3%T/2, 1/S_hat);

% sample lambda
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a_tau = (vartheta"2 + 2*varphi)/(varphixsig2);
mu = sqrt(vartheta”2 + 2*varphi) ./ abs(y - X#*beta);
lam = 1./igaussrnd(a_tau*ones(T,1), mu);

iLam = sparse(1:T,1:T,1./lam);

if isim > burnin

isave = isim - burnin;
store_theta(isave,:) = [beta’ sig2];
end
end
theta_mean = mean(store_theta,1)’;
theta_CI = quantile(store_theta,[.025 .975]);

disp(’Posterior mean (beta; sig2):’);
disp(theta_mean) ;

disp (’Posterior 95% CI (rows: 2.5%, 97.5%):’);
disp(theta_CI);

% compute GaR_t (h; tau)

B = store_theta(:,1:k);

Xgar = X; / regressors at time t (aligned with y_{t+h})
GaR_draws = Xgar * B’; % dimension is T x mnsim
GaR_mean = mean(GaR_draws, 2);

Listing 4.1: Gibbs sampler for Bayesian quantile regression in the growth-at-
risk application with horizon h (linreg bqr.m).

The growth-at-risk estimates provide a direct measure of macroeconomic
vulnerability. In particular, when the NFCI is elevated, indicating tight fi-
nancial conditions, the lower conditional quantiles of future GDP growth
shift downward. Figure 4.2 plots the estimated growth-at-risk for h = 4 and
7 = 0.05.

Plotted at the forecast date t 4+ h, the estimated growth-at-risk series de-
clines sharply during periods of financial stress and NBER recessions, whereas
the median growth forecast remains comparatively stable. At the four-quarter
horizon, the 5th-percentile growth-at-risk typically lies between —1% and —2%
in tranquil periods, but deteriorates markedly during downturns. For example,
it falls below —13% in the 1974-75 recession, remains in the range of —8% to
—10% in the early 1980s, declines to about —9% during the Great Recession,
and drops to roughly —6% at the onset of the COVID-19 recession.

By contrast, the median four-quarter-ahead growth forecast stays close to
2.5%-3% throughout the sample. This implies that the gap between the cen-
ter and the left tail of the predictive distribution widens substantially during
periods of financial stress. This pronounced asymmetry suggests that financial
conditions primarily affect downside risk rather than typical growth outcomes,
consistent with the vulnerable-growth mechanism emphasized by Adrian, Bo-
yarchenko and Giannone (2019).
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FIGURE 4.2: Growth-at-risk estimates at horizon h = 4 for 7 = 0.05 and
7 = 0.50. Shaded regions denote 95% pointwise credible intervals for the
lower-tail estimate.

Table 4.1 reports posterior estimates of the Bayesian quantile regression
coefficients at horizon h = 4. The results exhibit a clear asymmetry across
quantiles. At the lower tail of the distribution (7 = 0.05), the coefficient on
current GDP growth is small and statistically insignificant, while the coeffi-
cient on the NFCI is large, negative, and precisely estimated, with a posterior
mean of —2.13 and a 95% credible interval that excludes zero. A similar pat-
tern holds at 7 = 0.10, indicating that financial conditions robustly affect
downside risk across low quantiles.

TABLE 4.1: Posterior estimates from Bayesian quantile regression at horizon
h=4.

GDP growth Financial conditions (NFCI)
7  Posterior mean 95% C.I. Posterior mean 95% C.I.
0.05 0.11 (—0.02, 0.19) —2.13 (—2.99, —1.47)
0.10 —0.01 (—0.19, 0.15) —-1.91 (—2.58, —1.28)
0.50 —0.02 (—0.12, 0.09) —0.01 (—0.58, 0.54)

By contrast, at the median (7 = 0.50), both coefficients are economically
small and statistically insignificant. In particular, the NFCI has essentially no
effect on typical growth outcomes at the four-quarter horizon.
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4.2 Finite Mixture of Normals

In the previous section we studied scale and location-scale mixtures of nor-
mals. In those models, continuous latent variables modify the mean and/or
variance of a single Gaussian distribution to generate heavy tails or skewness.
A different approach is the finite mizture of normal distributions. Instead of
introducing continuous latent variation within one component, a finite normal
mixture assumes that the data arise from a finite set of unobserved regimes
or subpopulations, each governed by its own normal component. These com-
ponents are combined through mixture weights. This discrete form of hetero-
geneity is useful for modeling outliers, latent subpopulations, and clustered
dynamics in macroeconomic and financial time series.

To keep the discussion concrete, consider the standard linear regression
model
v =x,84¢e, (4]0%) ~N(0,0%).

Under this specification, each observation y; is drawn from a single Gaussian
distribution with mean x}3 and variance 2. A natural generalization is to
allow observations to be generated from more than one Gaussian component.
This leads to the following definition.

Definition 4.4 (Finite Mixture of Normals). Let M be a fized positive inte-
ger. A random variable y; is said to follow a finite mixture of normals if its
conditional density can be written as

M
p(yt ‘B,O'Q,W) = Z wmf./\/'(yhxgﬁmv U?n)? (47)

m=1

where B3, and o2, are the regression coefficients and variance of component
m, w = (wi,...,wyr)" is the vector of mizture weights satisfying wy, > 0 and
ZTA:L[:I wm = 1, and fa(-;a,b?) denotes the Gaussian density with mean a
and variance b%. Under this representation, y; is drawn from the mth normal
component N (X,Bm, 02,) with probability w,y,.

By allowing the regression coefficients and variances to differ across com-
ponents, finite mixtures can capture discrete shifts and outliers, as well as
distinct regimes such as expansions versus recessions or periods of low versus
high volatility. Because the component indicators in (4.7) are independent
across time, however, the model captures discrete heterogeneity rather than
persistent regimes; capturing persistence requires additional structure, such
as Markov-switching component indicators with serially dependent transition
probabilities.

In the formulation (4.7), the number of mixture components M is assumed
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to be known. This choice can be guided by Bayesian model comparison, for
example using marginal likelihoods (see Chapter 5). Alternatively, M may be
treated as unknown and inferred using reversible jump MCMC, which permits
transitions between models with different numbers of components (Richardson
and Green, 1997). Chapter 8 discusses infinite mixture models, which eliminate
the need to fix M in advance by allowing the data to determine the effective
number of components.

4.2.1 Posterior Sampling via Data Augmentation

For estimation, the mixture density in (4.7) is more challenging to work
with than a single-component Gaussian likelihood. Even when normal-inverse-
gamma priors are placed on the component-specific regression coefficients and
variances, the posterior distribution does not factor into standard forms be-
cause each observation may arise from any mixture component. As a result,
direct posterior sampling is not straightforward.

To address this difficulty, we again employ a data-augmentation strategy.

Specifically, we introduce a discrete latent variable s; € {1,..., M} indicating
the mixture component from which observation y; is drawn. Conditional on
the mixture weights w, the latent indicators satisfy P(s; = m|w) = w,

and are independent across t. The variables s; are commonly referred to as
component indicators or component labels. Conditional on the label sy, the
observation y; is generated from the corresponding normal distribution:

(yt | St7ﬂ70-27w) ~ N(Xgﬁstagi)y
where the shorthand 3, denotes 3, if s; = m, and similarly for Ugt.

Conditional on the full sequence of labels s1, ..., sy, the sample partitions
naturally into M subsets, corresponding to observations with s; = 1,..., M.
The component-specific parameters 3,, and o2, for m = 1,..., M can then be
estimated using only the observations assigned to their respective components.
Conditional on the latent scales, the model is Gaussian, and all full conditional
distributions are standard.

To verify that the latent-variable representation is equivalent to the origi-
nal mixture model, we integrate out the component label s;. By construction,
P(s; = m|w) = wp,, so the marginal density of y; can be written as

M M
Py | B.o% W) = wap(ye| se =m,B,0%) =Y wa fx(ye; XiBm, 0m).
m=1

m=1

Thus, integrating out the latent indicator s; recovers the observed-data like-
lihood in (4.7).

Finite mixture models suffer from a well-known identifiability issue, com-
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monly referred to as the label switching problem. For an M-component mix-
ture, the likelihood is invariant to permutations of the component labels. When
exchangeable priors (i.e., priors invariant to permutations of the component
labels) are placed on component-specific parameters, the posterior inherits this
symmetry and contains M! equivalent modes corresponding to relabelings of
the same mixture.

Label switching can complicate posterior sampling and interpretation.
MCMC algorithms may have difficulty moving between symmetric modes,
leading to poor mixing, or may traverse multiple modes, in which case
component-specific posterior summaries become uninformative. When interest
is restricted to label-invariant quantities—such as the overall mixture density
or predictive distributions—Ilabel switching poses no substantive difficulty, and
explicit relabeling may be unnecessary (e.g., Celeux et al., 2000; Frithwirth-
Schnatter, 2001).

Difficulties arise when component-level interpretation is required, such as
identifying high-variance or low-mean regimes. In these cases, some conven-
tion for distinguishing components is needed. Hard identifiability constraints
or asymmetric priors can impose a fixed labeling, though such choices may
be arbitrary. A more principled approach is to sample under an exchangeable
prior and relabel the MCMC output post hoc. Simple rules, such as order-
ing components by their means or weights, are effective when components
are well separated, while more general methods align each draw with a ref-
erence configuration by minimizing a discrepancy measure over permutations
(Stephens, 2000). After relabeling, component labels should be interpreted as
post-processing conventions rather than inherent features of the model.

We now consider the baseline case with an exchangeable prior across
mixture components. For each component m = 1,...,M, we adopt a
normal-inverse-gamma prior on the regression coefficients and error variance,
(Bm |02,) ~ N(Bo,02,Vg) and o2, ~ IG(vg,Sp). For the mixture weights
w = (wy,...,wy)’, which are positive and sum to one, we use a Dirich-
let prior, w ~ D(a), with concentration parameters a = (ay,...,ap )" and
@, > 0. The Dirichlet distribution and its properties are summarized in Ap-
pendix A. Finally, the prior for the latent indicators s = (s1,...,s7)’ is spec-
ified as above: conditional on w, the component labels are independent with
P(s; = m|w) = wp,.

Posterior inference for the M-component normal mixture model is per-
formed using a three-block Gibbs sampler that cycles through draws of the
component-specific parameters (3,,,02,), the latent component indicators s,
and the mixture weights w.

To implement Step 1, note that conditional on the component indicators s,
only observations with s; = m are informative about the component-specific
parameters 3, and o2, for m = 1,..., M. The sample therefore partitions
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naturally into M disjoint subsets indexed by the labels s;. Conditional on s,
the M parameter pairs (B,,,02,) can be sampled independently across com-
ponents.

Let y,, denote the vector of observations y; with s; = m, and let X,,
denote the corresponding matrix of regressors. Applying the conjugacy results
for the normal-inverse-gamma prior established in Theorem 2.1 in Chapter 2,
we obtain

(Bm, 02, |y,8,W) ~ NIG(Bm, Dg,,, Vo + Tin /2, Sm),

where T, = Zle 1{s; = m} is the number of observations allocated to
component m,

Dg, = (V5" + X, X)), Bm=Dg, (V5'Bo+ X, ym),
5 1 _ PPN

If a component is empty at a given iteration (7, = 0), the conditional pos-
terior above reduces to the prior: no observations are currently assigned to
component m, so (B, 02,) is drawn from its normal-inverse-gamma prior,
and the component may be repopulated in later iterations. Frequently empty
components in the MCMC output are a practical signal that M may be set
too large.

Next, to implement Step 2, we sample s = (s1, ..., s7)’; first note that the
component labels are conditionally independent given the data and parame-
ters. In particular, the joint conditional density factorizes as:

T

p(S | Y7ﬁ7 0-27W) X Hp(yt | St7/670-2)p(8t | W)7
t=1

so each s; can be sampled separately. Because s; takes value in {1,2,..., M},
we only need to compute the conditional probabilities P(s; = m |y, 3,02, w).
By Bayes’ theorem,
P(sy =m |y, B, 0'27W) = ¢t (Ye; X, Brm,s Ufn)wmu

where ¢; is the normalizing constant. Using the fact that the probabilities
must sum to one, we obtain ¢; = 1/(2;‘11 In(yes xé,ﬁ'ﬁa?)wj). Thus,

In(Ye; Xt Bms 0 ) 0

7 .
Zj:l I (e %85, sz)wj

Each s; can then be drawn from this discrete distribution using the inverse-
transform method; see Exercise 3.3.

P(St =m | yt7ﬁ7027w) =

Finally, to implement Step 3, we derive the full conditional distribution of
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w. Note that w appears only in its prior and the prior probabilities P(s; =

m|w) = w,, for m = 1,..., M. The contribution of a single label s; to the
conditional distribution of w can be written succinctly as

M
plse|w) = ] wple=m.
m=1

Therefore,
T M T M
p(wly,s,B,0%) o< p(w) x [[ p(se [w) oc ] wir= < [T [ whiz="
t=1 m=1 t=1m=1
M
— H w?er+Tm71’
m=1
where T, = ZtT:1 1{s; = m} is the number of observations allocated to

component m. Thus, updating w amounts to counting the occurrences of
each component. The resulting full conditional is (w|y,s,3,0%) ~ D(a; +
Tl,...,aM—i—TM).

To complete Step 3, we require draws from the full conditional distribu-
tion of the mixture weights w, which follows a Dirichlet distribution. Al-
though MATLAB does not provide a built-in routine for sampling from a
Dirichlet distribution, simulation is straightforward using a standard gamma-
normalization construction. Because this device is useful in many finite mix-
ture and Bayesian nonparametric models, we present it formally in Exer-
cise 4.8. A practical implementation is provided in the MATLAB function
dirirnd.m, which can be downloaded from the companion website.

4.2.2 TIllustration: Approximating the log y? Distribution

Finite normal mixtures can also be used as flexible approximations to un-
known or non-Gaussian distributions. As an illustration, suppose we observe
T = 2,000 independent draws from the log x? distribution. This setting can
be viewed as a special case of the linear regression mixture model introduced
earlier, with the regressor vector x; consisting only of an intercept. The result-
ing model is an M-component normal mixture for the marginal distribution
of s,

M
p(yt | [,L,O'Q,W) = Z W fN(yt;Umvavzn)7
m=1

where pp = (p1,...,p0m)' 0% = (01,...,0%;), and w = (w1, ..., wy)" with

w,, > 0 and Zﬂm/le Wy, = 1.

Estimation proceeds using the data-augmentation framework developed
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in Section 4.2.1. Introducing component indicators s; € {1,..., M} makes
the model conditionally Gaussian, and all full conditional distributions fol-
low directly from the results derived earlier. Because our interest here is the
overall mixture density—which is invariant to permutations of the component
labels—we adopt an exchangeable prior across components, o2, ~ ZG(vg, So),
(fm | 02,) ~ N(po, V,02)), and w ~ D(a), and set vy = 2, So = 1, o = 0,
V., =100, and a =2 - 1,,.

We fit a four-component mixture (M = 4) using the Gibbs sampler de-
scribed in Section 4.2.1. The MATLAB program finmix_logchi2.m implements
this procedure, using the auxiliary routine dirirnd.m to sample the mixture
weights from their Dirichlet full conditional. To accelerate convergence, the
chain is initialized using K-means clustering of the data. Rather than storing
draws of the component-specific parameters, we record posterior draws of the
implied mixture density evaluated on a grid over [—10, 5].

nsim = 20000; burnin = 1000;
M = 4; ) # of components

/% generate data
rng(42); T = 2000; df = 1;
y = log(chi2rnd(df,T,1));

% true log-chi"2_1 density
ftrue = @(x) 1/sqrt(2*pi) * exp(0.5*x - 0.5%exp(x));

% prior hyperparameters
nu0 = 2; SO0 = 1;

mu0 = 0; Vmu = 100;

a0 = 2xones(M,1);

ngrid = 500; xgrid = linspace(-10,5,ngrid)’; 7 grid
store_mixden = zeros(msim,ngrid);
like = zeros(T,M);

[s, mul = kmeans(y, M); % initialize using k-means
sig2 = zeros(M,1); alp = zeros(M,1);
for m = 1:M
idx = (s == m);
sig2(m) = var(y(idx));
alp(m) = sum(idx)/T;
end

for isim = 1:(nsim + burnin)
% sample (mu_m, sig2_m) for each component
for m = 1:M

idx = (s == m); Tm = sum(idx); ym = y(idx);

Kmum = 1/Vmu + Tm;

mum_hat = (muO/Vmu + sum(ym))/Kmum;

Sm_hat = SO0 + 0.5%(ym’*ym + mu0”2/Vmu - mum_hat "2*Kmum) ;

sig2(m) = 1/gamrnd(nu0 + Tm/2, 1/Sm_hat);
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mu (m) = mum_hat + sqrt(sig2(m)/Kmum)*randn;
end

% sample s
for m = 1:M
like(:,m) = normpdf(y, mu(m), sqrt(sig2(m)));
end
joint_den = like .* repmat(alp’, T, 1);
prob = joint_den ./ repmat(sum(joint_den,2), 1, M);
u = rand(T,1);
cumprob = cumsum(prob, 2);
s = 1 + sum(u > cumprob, 2);

% sample alp

ns = zeros(M,1);
for m = 1:M

ns(m) = sum(s == m);
end

alp = dirirnd(ms + a0, 1)7;

% store mizture denstity
if isim > burnin

isave = isim - burnin;
mixden = normpdf (xgrid, mu’, sqrt(sig2’)) * alp;
store_mixden(isave,:) = mixden’;
end
end
mixden_mean = mean(store_mixden ,1) ’;

mixden_low prctile(store_mixden, 2.5, 1)°;
mixden_high = prctile(store_mixden, 97.5, 1)7;

Listing 4.2: Gibbs sampler for fitting a finite normal mixture to simulated
data from the log x? distribution (finmix_logchi2.m).

0.3

0.25

FIGURE 4.3: Estimated density from a four-component normal mixture: pos-
terior mean and pointwise 95% credible bands, together with the true log x?
density.
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Figure 4.3 compares the estimated mixture density with the true log x3
density. The normal mixture closely tracks the target distribution, and the
pointwise 95% credible bands generally cover the true density. This example
illustrates how finite mixtures of normals can provide accurate approximations
to complex non-Gaussian distributions using a small number of components.

4.2.3 Application: Modeling PCE Inflation via an AR Model
with an Qutlier Component

Inflation dynamics vary across economic environments. Sustained expansions
with stable monetary policy tend to feature low, persistent inflation, whereas
recessions, supply disruptions, and periods of heightened uncertainty often
bring large, volatile price movements. A single-component Gaussian autore-
gression may therefore be too restrictive for inflation, especially in the presence
of rare but large shocks.

To accommodate such behavior, we consider an autoregressive model with
a discrete outlier component, which can be viewed as a parsimonious special
case of the finite mixture models introduced in Definition 4.4. Specifically,
we model US PCE inflation using the following AR(2) specification with an
outlier component:

vy =%x,84+0ie, (¢]0?) ~N(0,0?),

where x; = (1,9:—1, yt—2)’". The latent variable o, is a discrete scale factor that
captures occasional outlier realizations.

We assume that o; takes values in a finite set of size M = 3, o; € {1, 5,10},
with P(o; = 1) = 1—p, corresponding to regular observations, and P(o; = 5) =
P(o; = 10) = p,/2 corresponding to moderate and large outliers, respectively.
Conditional on oy, the innovation variance is inflated by a factor o7.

This specification fits naturally into the finite mixture framework intro-
duced earlier. In particular, the latent scale o; plays the role of a component
indicator in a restricted finite mixture of normals with M = 3 components.
Conditional on o, the observation y; is Gaussian, while marginally the inno-
vation distribution is a finite mixture of normals with a common conditional
mean x;3 and component-specific variances o2, 2502, and 10002.

Relative to the general finite mixture autoregressive model, this outlier
formulation imposes strong restrictions: the regression coefficients are shared
across components, and the component variances are fixed multiples of a com-
mon scale. These restrictions yield a parsimonious and interpretable model in
which mixture components correspond directly to rare large shocks rather
than persistent regimes. The model can be viewed as a simplified version of
the outlier specification proposed by Stock and Watson (2016).
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We complete the model by assigning independent priors 3 ~ A(0,100-13),
02 ~ IG(3,2), and a beta prior on the outlier probability,

10 1
~B( = 1—— ).
w5 (§(-5))

The beta prior is calibrated so that the prior mean implies one outlier, on av-
erage, every four years in quarterly data. Compared with the Dirichlet prior
used in the general finite mixture model, this prior structure exploits the re-
stricted form of the mixture weights implied by the M = 3 outlier specification
and reduces the effective dimensionality of the parameter space.

We estimate the model on quarterly US PCE inflation from 1960Q1 to
2024Q4, extending the sample used in the earlier PCE examples through
2024 so that the COVID-19 period is included. The following MATLAB script
linreg outlier.m implements a four-block Gibbs sampler based on the data-
augmentation representation of the outlier model. Conditional on the latent
scale factors {o; }, the model reduces to a Gaussian AR(2) regression with het-
eroskedastic errors, so the regression coefficients are drawn from a multivariate
normal distribution and the innovation variance from an inverse-gamma dis-
tribution using standard conjugate formulas.

The outlier indicators {o;} are then updated individually from a discrete
posterior over the finite support {1,5,10}, with posterior probabilities pro-
portional to the Gaussian likelihood evaluated at variance o702 and the prior
weights implied by p,. Finally, the outlier probability p, is updated from its

beta full conditional by counting the number of quarters classified as outliers.

nsim = 50000; burnin = 1000;

% load data

data = readmatrix(’USPCE.csv’, ’Range’, ’B2:B261°);

yO = data(1:4); y = data(5:end); T = length(y);

xlagl = [y0(4); y(l:end-1)]; xlag2 = [y0(3:4); y(l:end-2)1];
X = [ones(T,1), xlagl, xlag2];

k = size(X,2);

% prior hyperparameters

beta0 = zeros(k,1); iVbeta = speye(k)/100;
nu0 = 3; SO0 = 2;

pOa = 10/4; pOb = (1-1/16)*40;

/% initialize the chain
beta = (X’*X)\(X’*y);
sig2 = sum((y-X*beta). 2)/T;

po = 1/16;
o = ones(T,1);
store_o = zeros(nsim,T);

store_theta = zeros(msim,5); [/ [beta’, sig2, pol]
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o_grid = [1, 5, 10]’; 7 possible walues for o_t
for isim = 1:nsim + burnin
% sample beta
i0 = sparse(1:T,1:T,1./0.72);
Dbeta = (iVbeta + X’*i0x*X/sig2)\speye(k);
beta_hat = Dbetax(iVbeta*betal + X’*il0x*y/sig2);
beta = beta_hat + chol(Dbeta,’lower’)x*randn(k,1);

% sample sig2
e = (y - X*beta)./o;
sig2 = 1/gamrnd (nu0+T/2,1/(S0 + e’*e/2));

% sample o
o_lpri = log([l-po; po/2; po/2]1); % log prior demsity
u = (y - X*beta)/sqrt(sig2);
for tt=1:T

lliket = -log(o_grid) -.5*%u(tt) "2./o0o_grid. 2;
o_post = exp(lliket + o_lpri - max(lliket));
o_post = o_post/sum(o_post);

idx = find(rand<cumsum(o_post) ,1);
o(tt) = o_grid(idx);
end

% sample po
tmp = sum(o>1);
po = betarnd(pOa + tmp, pOb + T-tmp);

% store the parameters
if isim > burnin
isave = isim - burnin;
store_theta(isave,:) = [beta’, sig2, pol;
store_o(isave,:) = o’;
end
end
theta_mean = mean(store_theta);
theta_CI = quantile(store_theta,[.025 .975]);
o_mean = mean(store_o)’;

Listing 4.3: Gibbs sampler for an AR(2) model with an outlier component
(linreg outlier.m).

The script stores posterior draws of the model parameters and the latent
outlier indicators, which are used to construct posterior summaries and the
outlier probabilities reported in Figure 4.4. For most of the sample, the pos-
terior probability of an outlier, P(o; > 1|y), is close to zero, typically on
the order of 0.5-1%. In contrast, the model assigns sharply elevated outlier
probabilities to a small number of quarters that coincide with well-known his-
torical episodes. For example, the outlier probability rises to 0.23 in 1973Q2
and to 0.80 in 1974Q1 during the first oil shock, and spikes to one in 2008Q4
at the height of the Great Recession. More recently, the model assigns ele-
vated outlier probabilities of about 0.23-0.28 in 2020Q2-2020Q3, reflecting
the unusually large inflation movements during the COVID-19 pandemic.
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FIGURE 4.4: US PCE inflation and posterior outlier probabilities from the
AR(2) outlier model. The top panel plots PCE inflation; the bottom panel
plots the posterior probability of an outlier, P(o; > 1|y). Spikes correspond
to quarters in which the model assigns high probability to variance-inflated
inflation innovations.

Although Figure 4.4 reports only the posterior probability of an outlier,
the posterior mean of the scale parameter o; provides additional information
about the magnitude of variance inflation. In tranquil periods, E(o; |y) re-
mains close to one by construction. During extreme episodes, however, the
posterior mean rises sharply. For example, it reaches 5.75 in 1974Q1, corre-
sponding to a variance inflation factor of roughly 33, and increases to 8.13 in
2008Q4, implying a variance inflation factor of about 66. These results indi-
cate that the outlier model isolates rare but economically important quarters
in which inflation innovations are far larger than can be accommodated by
the baseline Gaussian AR(2) specification.

Tt is useful to contrast this behavior with the AR(2) model with Student-¢
innovations discussed in Section 3.2.4. Both models can be expressed as mix-
tures of normals. The Student-t specification corresponds to a continuous scale
mixture that downweights extreme observations in a fully data-driven manner.
The outlier model, by contrast, employs a discrete latent scale and isolates a
small number of quarters as distinct high-variance episodes. Although both
specifications generate heavy tails, the discreteness of the latent scale in the
outlier model sharpens the distinction between “regular” and “outlier” periods
and can facilitate economic interpretation.
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4.3 Further Reading

Location-scale (or mean-variance) mixtures of normals have a long history in
probability and statistics and are widely used in finance and macroeconomics.
A foundational reference is Barndorff-Nielsen (1977), which introduces the
generalized hyperbolic class through normal mean-variance mixing. A system-
atic treatment of normal mean-variance mixtures and related families is pro-
vided by Barndorff-Nielsen, Kent and Sgrensen (1982). In empirical finance,
generalized hyperbolic and related mixtures are used as flexible parametric
models for asset returns and other macro-financial quantities; see, for exam-
ple, Eberlein and Keller (1995). The normal inverse Gaussian distribution is
an important special case, and Barndorff-Nielsen (1997) discusses its links to
stochastic volatility modeling. Skewed families are likewise widely used; for a
book-length treatment of skew-normal and skew-t families, including multi-
variate extensions and inferential aspects, see Azzalini and Capitanio (2014).

Beyond the basic asymmetric Laplace formulation, a growing literature
develops Bayesian quantile regression methods that relax distributional as-
sumptions and broaden the range of applications. In addition to Yu and
Moyeed (2001) and the efficient conditionally Gaussian sampler in Kozumi
and Kobayashi (2011), useful extensions include Bayesian regularized quan-
tile regression (Li, Lin and Xi, 2010) and Bayesian approaches that enforce
noncrossing quantiles in simultaneous linear quantile regression (Tokdar and
Kadane, 2012). For financial and macroeconomic time series, Gerlach, Chen
and Chan (2011) develop Bayesian time-varying quantile models for value-at-
risk, incorporating dynamics in the conditional quantiles themselves. Likeli-
hood alternatives that move beyond the asymmetric Laplace distribution are
discussed by Yang and He (2012), who introduce Bayesian empirical likeli-
hood methods for quantile regression. For background on classical quantile
regression and broader methodological context, see Koenker (2005).

In macroeconomic applications, the growth-at-risk literature initiated by
Adrian, Boyarchenko and Giannone (2019) has been extended in several di-
rections, including a critical reassessment of out-of-sample predictability in
Plagborg-Mgller et al. (2020) and a Bayesian VAR-based measurement of
macroeconomic tail risk in Carriero, Clark and Marcellino (2024).

Turning to the second broad class of models in this chapter, finite mixture
models are treated comprehensively in McLachlan and Peel (2000), including
non-Gaussian mixtures and estimation via the Expectation-Maximization al-
gorithm. A Bayesian-focused monograph is Frithwirth-Schnatter (2006), which
also covers marginal likelihood computation and Markov-switching extensions.
Frithwirth-Schnatter and Kaufmann (2008) use finite mixtures to cluster mul-
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tiple time series into groups that share common dynamics, selecting the num-
ber of groups by marginal likelihood.

Early Bayesian work on mixture posteriors and computation includes
Diebolt and Robert (1994) and Celeux, Hurn and Robert (2000). The label
switching problem and principled relabeling strategies are discussed in depth
by Stephens (2000).

When the number of components is treated as unknown, it can be inferred
jointly with the parameters by reversible jump MCMC, introduced by Green
(1995) and applied to mixtures by Richardson and Green (1997). For a modern
collection of perspectives and recent developments, see the edited volume by
Frithwirth-Schnatter, Celeux and Robert (2019).

Bayesian outlier modeling via scale mixtures has a long history; the seminal
contribution is West (1984), which formalizes the use of latent scale variables
to downweight aberrant observations in a regression setting.

Exercises

Exercise 4.1 (Symmetry of Scale Mixtures of Normals). Let (X |A) ~
N(0,0%)\) and A\ ~ G, where G is supported on R

(a) Show that the marginal density of X is symmetric: f(z) = f(—=z) for all
z € R. Conclude that P(X < 0) = 1/2 and hence that the median of X is
Z€r0.

(b) Show that all odd moments (when they exist) satisfy E(X2*+1) = 0.

(c¢) Give a brief explanation of why scale mixtures with zero conditional mean
cannot generate skewness.

Exercise 4.2 (Laplace and Asymmetric Laplace as Normal Mixtures). This
exercise illustrates how the Laplace and asymmetric Laplace distributions
arise as normal mixtures.

(a) Laplace distribution. Let (X |A) ~ N(0,02)X) and A ~ G(1,1/2). Derive
the marginal density of X and show that it corresponds to the density of
the Laplace distribution with scale parameter o given in (4.1).

(b) Asymmetric Laplace distribution. Consider the hierarchical model
(X|A) ~ N(9-\, ¢-02)) and A ~ G(1,1/0?), where ¥, and ¢, are de-
fined in (4.3). Show that the marginal distribution of X is the asymmetric
Laplace distribution AL(0, 02, 7) with density given in (4.2).
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Hint: Both parts rely on the identity

/ )f%e_%(a’wg)d)\:1/2%exp(—\/c%), a>0,b>0.
0

In part (b), you may find it helpful to consider the cases x > 0 and = < 0
separately.

Exercise 4.3 (m-Quantile of the Asymmetric Laplace Distribution). Let X ~
AL(0,0%,7), where the asymmetric Laplace density is given in (4.2).

(a) Show that the density can be written in the piecewise form

1— .
%e— r <0,
flalo® )=
1- -
ue*ﬁm x>0

’
0-2

(b) Using the expression above, compute the cumulative distribution function
F(z) =P(X < z) for x <0.

(¢) Evaluate F(0) and show that P(X < 0) = 7. Conclude that 0 is the
T-quantile of the asymmetric Laplace distribution.

Exercise 4.4 (Inverse Gaussian Representation for Latent Scales in Bayesian
Quantile Regression). This exercise derives the full conditional distribution
used to sample the latent scale parameters in Bayesian quantile regression.

(a) Inverse Gaussian distribution. A random variable Z is said to follow
an inverse Gaussian distribution with parameters (i, u), written Z ~

ZGAUSS (Y, ), if its density is

3 _%((zfu)Q)
f(z) x z72e " z>0

) )

where 1 > 0 is a shape parameter and y > 0 is a mean parameter. Show
that if Z ~ ZGAUSS (1, i), then W = Z~! has density with kernel

fw(w) o wrem 7 (whn 7w

(b) Using the kernel in part (a), show that the full conditional distribution of
Ay !in the Bayesian quantile regression model satisfies

Ny, Br,0?) ~ IGAUSS (ar, firr)

where p; ; = \/a- /b with a, and b, ; being defined in (4.5).
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Exercise 4.5 (Posterior Predictive Simulation for Bayesian Quantile Regres-
sion). Adopt the Bayesian quantile regression model in Definition 4.3 and the
mixture representation in (4.4). Let y* denote a future outcome with regres-
sors x*.

(a) Conditional on (B3,,0?), describe a simulation scheme to generate a
draw from the predictive distribution of y* using the latent scale A\* ~

G(1,1/0?):

vt =x"B, +e%, (7N, 07) ~ N9, 0, 02 \F).
(b) Explain why the predictive T-quantile satisfies Q. (y* | B,,0?) = x*'B,.

(c) Using posterior draws {,85”,02(” I |, propose a Monte Carlo estimate
of P(y* < ¢ly) for a fixed threshold c.

Exercise 4.6 (Skew-Normal Regression via a Latent Location Mixture). Con-
sider a regression model whose errors follow the skew-normal distribution of
Example 4.2. In location-mixture form,

yr = x84+ Y\ + &4,

where Ay ~ TN (0,00)(0,1) and (g, |w?) ~ N(0,w?). This is a reparameteriza-
tion of the standardized skew-normal (X | \) ~ N (dA, 1 —d2) of that example:
the parameters 1 = o and w? = (1 — §2)o? introduce a scale o, so the error
has total scale 02 = 1% + w? and slant ¥ /w, with § € (—1,1); here ¥ governs
the skewness and w? > 0 the variance. We observe {(x,y:)}7_; but not {\:}.
Because the latent shift A\; has a positive mean, the linear predictor x;3 is a
location parameter rather than the conditional mean of y;.

(a) Derive the marginal density p(y: | 3,v,w?) by integrating out \;, and ex-
plain how v governs its skewness—in particular, why ¢ = 0 gives a sym-
metric (Gaussian) error.

(b) Assume independent priors 8 ~ N(Bo, V), 1 ~ N (¢, Vy), and w? ~
ZG (v, Sp). Derive the Gibbs sampler for (3,1, w?, {\}1_;). Verify that,
because ¥ enters the observation equation linearly, all four full condition-
als are of standard form, so that no Metropolis—Hastings step is required.

Exercise 4.7 (Skew-Normal AR(2) Regression for US PCE). Consider
the skew-normal regression model introduced in Exercise 4.6, with x; =
(1,yt—1, yt—2)". Implement the four-block Gibbs sampler derived in that exer-
cise to fit the US PCE dataset USPCE. csv. Adopt the following prior specifi-
cation: ,30 = 03, Vlg =100 - 13, ’Q/J() = 07 Vw = 17 vy = 3, and SO = 2.

Report the posterior mean E(¢) |y) and that of the implied skewness pa-
rameter & = 1//1¥? + w?. Assess whether there is evidence of skewness in
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the regression errors—for example, by checking whether the 95% credible in-
terval for ¢ excludes zero, or by computing a Savage-Dickey Bayes factor for
the hypothesis 9 = 0—and comment on the direction and strength of the
skewness.

Exercise 4.8 (Sampling from a Dirichlet Distribution). Let w =
(wy,...,wp)" follow a Dirichlet distribution with parameter vector a =
(a1,...,ap), where ay, > 0 for all m.

(a) Show that if g, ~ G(am,1) independently for m = 1,..., M, and w,, =
gm/zjlvil gj, then w lies in the unit simplex; that is, wy,, > 0 for all m

and 2%21 Wy, = 1.
(b) Prove that the resulting vector w has the Dirichlet distribution D(cx).

Exercise 4.9 (Finite-Mixture Gibbs Sampler). This exercise asks you to im-
plement the Gibbs sampler for a finite normal mixture and to interpret the
fitted components, which need not be balanced. Consider the two-component
regression mixture

Yt :X;/BSt +Et7 (gt‘st :maazn) NN(Ovo'?n)7
where P(s; = m|w) = w,, with exchangeable priors
(ﬁm|072n) NN(ﬂ07072nVﬁ)> Urgn NIg<V0’SO)’ WND(‘a)a

form=1,2and a=2-1,.

(a) Implement the three-block Gibbs sampler in Section 4.2.1 using an AR(2)
design x; = (1, y¢—1, y1—2)’, and fit the US PCE inflation series USPCE. csv.
Use Bp = 03, Vg = 100 - I3, vy = 3, and Sy = 2. To resolve the labeling
ambiguity, relabel the two components after each iteration so that w; >
wy.

(b) Report the posterior means of the weights w and the component param-
eters (B,,02,). Compute the posterior classification probability

R
Blsy=11y)= = > 1{s7 =1},

r=1

plot it over time together with inflation, and identify the observations
assigned to the second component.

(c) Interpret the fitted mixture. Comment on the relative sizes of the two
components and on what the smaller one captures. Explain why a mixture
in which one component dominates acts as a flexible, fat-tailed alternative
to the single-component Gaussian model, and relate this outlier-robust
behavior to the Student-¢ regression of Chapter 3.
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